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FOREWORD

The Self Learning Material (SLM) is written with the aim of providing
simple and organized study content to all the learners. The SLMs are
prepared on the framework of being mutually cohesive, internally
consistent and structured as per the university’s syllabi. It is a humble
attempt to give glimpses of the various approaches and dimensions to the

topic of study and to kindle the learner’s interest to the subject

We have tried to put together information from various sources into this
book that has been written in an engaging style with interesting and
relevant examples. It introduces you to the insights of subject concepts
and theories and presents them in a way that is easy to understand and

comprehend.

We always believe in continuous improvement and would periodically
update the content in the very interest of the learners. It may be added
that despite enormous efforts and coordination, there is every possibility
for some omission or inadequacy in few areas or topics, which would

definitely be rectified in future.

We hope you enjoy learning from this book and the experience truly
enrich your learning and help you to advance in your career and future

endeavours.
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BLOCK-2 LINEAR ALGEBRA

Introduction to Block

Linear algebra is the most applicable area of mathematics. It is one of
the fields, that is accepted universally to be the prerequisite to be the in-
depth understanding of the machine learning. This field is considered to
be the mathematics of data and is especially used in the field of statistics,
and used as a tool in Fourier series, computer graphics and so on. It is the
study of vector spaces, lines and planes, and some mappings that are
required to perform the linear transformations. It includes vectors,
matrices and linear functions. It is the study of linear sets of equations
and its transformation properties.

In this block we are going to explore the concept of Dual space and
linear transformation. Comprehend the inner product space and its
applications. Enumerate Quadratic and Bilinear forms. Understand in
details about the Jordan Cannonical Form. Comprehend the Annihilating
polynomials, diagonal forms, triangular forms. Understand the concepts
of Direct Sum Decompositions, Invariant Direct sums & The Primary
Decomposition Theorem.

Jordan canonical form is a representation of a linear

transformation over a finite-dimensional complex vector space by a
particular kind of upper triangular matrix. Every such linear
transformation has a unique Jordan canonical form, which has useful
properties: it is easy to describe and well-suited for computations.
Certain terms like monic polynomial, minimal polynomial as well as
annihilating polynomial and characteristic polynomial are clarified in

details.
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8.0 OBJECTIVE

Understand the concept of Matrix of Linear Transformation
Comprehend the Similarity of Matrices

Understand the concept of Dual Space

8.1 INTRODUCTION

In this section, we prove that if V. and W are vector spaces over F with
dimensions n and m, respectively, then any T €£(V, W) corresponds to
a set of m x n matrices. Before proceeding further, the readers should

recall the results on ordered basis.
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8.2 MATRIX OF LINEAR
TRANSFORMATION

So, letcA =(vl,...,vn)and B = (wl,. .., wm) be ordered bases of V
and W, respectively. Also, let A =[v1,...,vn]and B = [wl, ..., wm]
be the basis matrix of A and B, respectively.

Then, v =A[v]4andw = B[w]g, forallv eVandw e W. For T €
LV, W)andv €V,

B[TW)]z = T (v) = T(A[v]4) =T (4) [v]A
= [T (vl) --- T (vn)] [v]A

= [BIT (wi)lz - -+ BIT (wn)ls] [V]a
= B[T (vDlz -+ BIT (vn)lz V]

Therefore, [T(v)]z = [T (v1)lz - BIT (v,)]g [V]4. as a vector in W
has a unigque expansion

in terms of basis elements. Note that the matrix [[T (v4)]g - - -

BT (v,)]z], denoted T [A, B],

isan m x n matrix and is unique with respect to the ordered basis B as
the i-th column equals

[T (vi)]B, for 1 <i <n. So, we immediately have the following definition
and result.

Definition 8.2.1. [Matrix of a Linear Transformation] Let A = (v1, ...
,vn)and B =

(wl, ..., wm) be ordered bases of V and W, respectively. If T €

L(V, W) then the matrix

T [A, B] is called the coordinate matrix of T or the matrix of the linear
transformation

T with respect to the basis A and B, respectively.

When there is no mention of bases, we take it to be the standard ordered
bases and denote the corresponding matrix by [T ].

Note that if c is the coordinate vector of an element v €V then, T [A, B]c
is the coordinate

vector of T (v). That is, the matrix T [A, B] takes coordinate vector of the
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domain points to the

coordinate vector of its images.

Theorem 8.2.2. Let A=(vl,...,vn)and B = (w1, ..., wm) be ordered
bases of V and W, respectively. If T € L(V, W) then there exists a
matrix S € Mpx<n(IF) with

S = T[AB]=IT (w)lz - -+ BIT (wu)lzl, and [T (X)]s =S [X]a,

forall x eV.

Remark 8.1.3. Let V and W be vector spaces over F with ordered bases
Al=(vl,...,vn)

and B1 = (w1, ..., wm), respectively. Also, for a € F with a # 0, let A2
=(avy, ..., av,) and

Bl=(owy, ..., 0oWp) be another set of ordered bases of V and W,

respectively. Then, forany T € L(V,W)

T [Az, Bzl = [[T (av))ls, - [T (avD)]g,]
= [[T wlg, - -+ [T @WD]g,] = T [A4, By].
Thus, we see that the same matrix can be the matrix representation of T
for two different pairs

of bases.

() = (—sind, cosf)

0 P’ = (cosf,sinf)

P=(1,0)

01 0,

Figure 8.2: Counter-clockwise Rotation by an angle &

Example: 1. Let T € L(R?) represent a counterclockwise rotation by an
angle 9, 0 <@ < 2x. Then, using Figure 8.1, x = OP cos a and y = OP sin
a, verify that
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OP' cos(a + 6)
OP'sin(a + )

-

Or equivalently, the matrix in the standard ordered basis of R? equals

B !()P{cosamsﬂ—sinasinﬁ:‘}] B [coaﬁ —sinﬂ] [:r]

~ |OP(sinacos + cos arsin b) sinfl  cosf ||y|

cosfl —sinfl (A)
sinf cosf |

[ﬂ=hmﬁ@ﬂ=’

2. LetT e LR With T (X, y)") = (X +y, x — ).

(meﬂﬂ=UﬂaH[ﬂmﬂ=ll 1-

1 -1

aln
(b) On the image space take the ordered basis B = ] . ! ) . Then

0 (1
1 1 0 2
7] = [IT(en)s wmm4=!H LJ]= NNt
B B L .
—1( |3
(¢) In the above, let the ordered basis of the domain space be A = . . Then
-1

TIAB] = ||T T

A, UL B

3. Let A= (el, e2) and B = (el + €2, el — e2) be two ordered bases of R
Then Compute T [A, A] and T [B, B], where T ((x, y)" ) = (X + y, x — 2y)"

1
Solution: Let A =1dy and B =

e L HRLLE -
L _U_ 14 1 A -lA _2A 1 -2
o L PC- L
D\ e L \FY AL LY Bl B S
as {2 = B! 2] and |:U = B*lﬁn . Also, verify that T[B,B] = B~'T[A, A|B.
-1, -1 3] 5 3
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Example [Finding T from T [A, B]]

1. Let Vand W be vector spaces over IF with ordered bases A and B,
respectively. Suppose

we are given the matrix S = T [A, B]. Then determine the corresponding
T € L(V,W).

Solution: Let B be the basis matrix corresponding to the ordered basis B.
Then, using
Equation and Theorem 8.1.2, we see that
T (v) = B[T (v)]B =BT [A, B][V]A = BS[V]A.
2. In particular, if V =W = Fn and A = B then we see that
T (v) = BSB—1v.
(B)

8.3 SIMILARITY OF MATRICES

Let V be a vector space over [F with dim(V) = n and ordered basis B.
Thenany T € L(V)
corresponds to a matrix in Mp(F). What happens if the ordered basis

needs to change? We answer this in this subsection.

T[B‘ CJJII.KJI ";;[C' D]PKH‘E
(V.B.n) (W,C,m) (Z.D.p)

{‘LJT) [ED]PKH = ‘L}['::J D] ' T[BCJ
Fig 8.3: Composition of Linear Transformations
Theorem 8.3.1 (Composition of Linear Transformations). Let V, W and
Z be finite dimensional vector spaces over F with ordered bases B, C and

D, respectively. Also, let T €L(V, W)
and S €L(W, Z). Then S° T=ST € L(V,Z) (see Figure 8.2). Then

(ST) [B, D] =S[C, D] - T [B, C].
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Proof. LetB=(ul,...,un),C=(vl,...,vm)and D = (w1, ..., wp)
be the ordered bases of

V, W and Z, respectively. Then using Theorem 4.3.2, we have

(ST)I[B, DI =[[ST (uDID,, ..., [ST (Un)ID] = [[S(T (UI)ID, ..., [S(T
(un))]D]

= [S[C, D] [T (u1)IC, ..., S[C, D] [T (un)]C]

=S[C, D] [[T (uD)]C, ..., [T (un)]C]=SI[C,D]-T[B,C].

Hence, the proof of the theorem is complete.

As an immediate corollary of Theorem 4.4.1 we have the following
result.

Theorem 8.3.2 (Inverse of a Linear Transformation). Let V is a vector
space with dim(V) = n.

If T € L(V) is invertible then for any ordered basis B and C of the
domain and co-domain,

respectively, one has (T [C, B])-1 =T —1[B, C]. That is, the inverse of
the coordinate matrix of

T is the coordinate matrix of the inverse linear transform.

Proof. As T is invertible, TT = Id. Thus Theorem 8.2.1 imply

In=Id[B, B] = (TT Y[B,B]=TI[C, B] - T *[B, C].

Hence, by definition of inverse, T “*[B, C] = (T [C, B]) ' and the

required result follows.

T[B, B
(V. B) (V. B)
1d[C, B| 1d[B. C]
(V.,C) (V.C)
T

Figure 8.3: T[C, C] =Id[B, C] - T [B, B] - Id[C, B] - Similarity of

Matrices

11
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Let V be a finite dimensional vector space. Then, the next result answers
the question “what

happens to the matrix T [B, B] if the ordered basis B changes to C?”

Theorem 8.2.3. LetB=(ul,...,un)and C =(v1,...,vn) be two

ordered bases of V and Id

the identity operator. Then, for any linear operator T &€ L(V)
T[C,C]=1Id[B,C]-T[B,B]:Id[C,B]=(Id[C,B])-1-T[B,B]:

Id[C, B]. (A)

Proof. As Id is an identity operator, T [B, C] as (Id - 7~ I1d)[B, C] (see
Figure 8.3 for clarity).

Thus, using Theorem 8.3.1, we get

T[B, C]=(ld° T Id)[B, C] = Id[B, C] - T [B, B] - Id[C, B].

Hence, using Theorem 8.2.2, the required result follows.

Let V be a vector space and let T € L(V). If dim(V) = n then every
ordered basis B of V gives an n x n matrix T [B, B]. So, as we change the
ordered basis, the coordinate matrix of T changes. Theorem 8.2.1 tells us
that all these matrices are related by an invertible matrix.

Thus, we are led to the following definitions.

Definition 8.3.4. [Change of Basis Matrix] Let V be a vector space with
ordered bases B
andC.IfT € L(V)then, T [C,C]=1d[B,C]: T[B, B] - Id[C, B]. The

matrix Id[B, C] is called the change of basis matrix from B to C.

Definition 8.3.5. [Similar Matrices] Let X, Y € Mn(C). Then, X and Y
are said to be

similar if there exists a non-singular matrix P such that P —1XP =Y &
XP =PY.




Example :LetB=1+x,1+2x+x2,2+xandC=1,1+x,1+x+x2
be ordered
bases of R[x; 2]. Then, verify that I1d[B, C]-1 = Id[C, B], as

{—1 1 —'2]
[C,B] = [l [1+z]g[l+z+2Y5=10 0 1| and
1 0 1
P] -1 1]
d[B,.C] = [l+zlc,[l+2z+2c,[2+7]c]=11 1 1].

h] 1 uJ

Check Your Progress

1. Explain matrix of linear transformation

2. State Composition of Linear Transformations with proof

3. Define
(a)- Change of Basis

(b) Similar Matrices

8.4 DUAL SPACE*

Definition 8.4.1. [linear Functional] Let V be a vector space over F.

Thenamap T €L(V, F) is called a linear functional on V.

Definition 8.4.2. [Dual Space] Let V be a vector space over F. Then
L(V,F) is called the
dual space of V and is denoted by VV*. The double dual space of V,

Notes
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denoted V**, is the dual

space of V*.

We first give an immediate corollary of Theorem 4.2.17.

Corollary 8.4.3. Let V and W be vector spaces over F with dimV =n

and dim W =m.

1. Then L(V, W) = F™. Moreover, {fijll <i<n, 1<j<m)} is a basis of
LV, W).

2. In particular, if W = F then L(V, W) = V* * = F". Moreover, if {vi, ..
., Vn} is a basis of
V then the set {fi|1 <i<n} is a basis of V*, where

e
ff-lzvk}={; ;;_i '*

The basis {fi|l <i<n} is called the dual basis of F".

So, we see that V*. can be understood through a basis of V. Thus, one
can understand V**.

again via a basis of V*. But, the question arises “can we understand it
directly via the vector

space V itself?” We answer this in affirmative by giving a canonical

isomorphism from V to V**,

To do so, for each v € V, we defineamap Lv : V* — F by Lv(f) = f(v),
for each f € V*. Then

Lv is a linear functional as
Lv(af + g) = (of + g) (V) = of(v) + g(v) = aLv(f) + Lv(Q).

So, for each v € V, we have obtained a linear functional Lv € V**.Note
that, if v # w then, L
v # Lw. Indeed, if Lv = Lw then, Lv(f) = Lw(f), for all f € V*. Thus, f(v)




= f(w), for all f € V*. That is, f(v —w) =0, for each f € V*. Hence, we

getv —w =0, or equivalently, v =w.

We use the above argument to give the required canonical isomorphism.
Theorem 8.4.4. Let V be a vector space over F. If dim(V) = n then the
canonical map

T:V — V**.defined by T (v) = Lv is an isomorphism.
Proof. Note that for each f € V*,
Lav+u(f) = f(av + u) = af(v) + f(u) = aLv(f) + Lu(f) = (aLv + Lu) (f).

Thus, Lav+u = aLv+Lu. Hence, T (av+u) = aT (V)+T (u). Thus, Tisa
linear transformation.

For verifying T is one-one, assume that T (v) = T (u), for some u, v € V.
Then, Lv = Lu. Now,

use the argument just before this theorem to get v = u. Therefore, T is
one-one.Thus, T gives an inclusion (one-one) map from V to V **,
Further, applying Corollary 8.3.3.2 to V *, gives dim(V **) = dim(V *) =
n. Hence, the required result follows.

Corollary 8.4.5. Let V be a vector space of dimension n with basis B =
{vi,...,vn}L

1. Then, a basis of V **, the double dual of V, equals D = {Lv1, ...,
Lvn}. Thus, for each

T € V ** there exists x € V such that T (f) = f(x), forall fe V *. Or
equivalently, there

exists X € Vsuch that T =Tx.

2. IfC={f1, ..., fn}is the dual basis of V* defined using the basis B
then D is indeed the dual basis of V ** obtained using the basis C of V *.

Thus, each basis of V * is the dual basis of some basis of V.

Proof. Part 1 is directas T : V — V ** was a canonical inclusion map.

For Part 2, we need to

1, ifj=i
L. (f:) = ' . or equivalently f.(v,) =
v; (£;) { 0, ifj#£i q y £l i) {

1, ifj=i
0, ifj#i

Notes

15
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show that

which indeed holds true using Corollary 8.4.3.2.

Let V be a finite dimensional vector space. Then Corollary 8.3.5 implies
that the spaces V and V * are naturally dual to each other.

We are now ready to prove the main result of this subsection. To start
with, let V and W be vector spaces over F. Then, for each T € L(V, W),
we want to defineamap T : W* - V.*

So, if g € W* then, T(g) a linear functional from V to F. So, we need to
be evaluate T b(g) at

an element of V. Thus, we define T b(g)(v) =g (T (v)), forall v € V.
Now, we note that

T € L(W*V*),as foreveryg, h e W,

T(ag + (@) = (ag + B) (T () = ag (T (¥)) +
h (T (v)) = aT(g) + T(W(),

Forall v eVimpliesthat T(ag + h) = aT(g) + T(h).

Theorem 8.4.6. Let V and W be two vector spaces over [F with ordered
bases A= (vl,...,vn)

and B = (w1, ..., wm), respectively. Also, let A* = (f1, . . ., fn) and B*
=(g1,...,gm) be the

corresponding ordered bases of the dual spaces V * and W *,
respectively. Then, T b[B*, A*] = (T [A, B])T ,the transpose of the
coordinate matrix T.

Proof. Note that we need to compute T [B*, A*] =

[[T(g],. - [T(81m)],.] and prove that it equals the transpose of the
matrix T [A, B]. So, let
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111 12 -+ din
y gz v Oap
TIA B] = [[T(vi)lg,---» [T(va)]s] =
Ll Qw2 7 gy

Thus, to prove the required result, we need to show that

nr.'ijl
- @2 n
[T[gj]]# =f,....58] | | = Zaﬁ.fk, for 1 < j < m.
: k=1
_ijn_

(A)

Now, recall that the functionals fi’s and gj’s satisfy

(i ‘-"'kﬂc) (vi) = i o (fe(vi)) = aq,

k=1 k=1
for 1 <¢<nand [gj(wl), ..., gj(wm)] = e/, arow vector with 1 at the j-
th place and 0, elsewhere. So, let B = [w1, . .., wm] and evaluate T (gj)

at vt’s, the elements of A.

(T(e))) (v)) = g (T(v0) =g (BIT(v)]g) = [g)(W1). ... (W) [T (V)]

1t

| a n
= E.]-" . =i = (Z ajkf;‘.) (Vf).

k=1

L=

Lt
Thus, the linear functional 7 (g;) and Y-, a;x fi.are equal at vt, for 1 <¢
<n, the basis vectors

of V. Hence T (gj) = X7, a;i fx Which gives Equation (A).

Remark 8.4.7 . The above proof of Theorem also shows the following.

17
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1. Foreach T € L(V, W) there exists a unique map T b € L(V*, W*)such

that

T (9)(v) = g (T (v)) , for each g € W*.

2. The coordinate matrices T [A, B] and T b[B*, A*] are transpose of
each other, where the ordered bases A* of V* and B* of W* correspond,
respectively, to the ordered bases A of

Vand B of W.

3. Thus, the results on matrices and its transpose can be re-written in the
language a vector

space and its dual space.

Check Your Progress

4. Define Dual space —

5. Explain canonical isomorphism.

8.5 LET’S SUM UP

Application of vector space in matrix. Similarity of matrices and dual
space concept has been clarified.

8.6 KEYWORDS

1. Evaluated --To evaluate an algebraic expression, you have to
substitute a number for each variable and perform the arithmetic
operations.

2. Canonical - In mathematics and computer science, a canonical,
normal, or standard form of a mathematical object is a standard way

of presenting that object as a mathematical expression.

18
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3. Change of Coordinates Matrix. A change of coordinates matrix,

also called a transition matrix, specifies the transformation from one
vector basis to another under a change of basis
4. The domain is the group of numbers that can be entered into

a function to create a valid output.

8.7 QUESTION FOR REVIEW

1. 1. Let T € L(R?) represent the reflection about the line y = mx. Find [T
]

2. Find the matrix of the linear transformations given below.

1. Let B = x4, X,, X3 be an ordered basis of R3. Now, define T € L(R®) by
T (X1) = Xy,

T (X2) = xzand T (x3) = x1. Determine T [B, B]. Is T invertible?

3. Define TE L(R®) by T((X,y, 2)T) = (X +y + 2z, x — y — 3z, 2x + 3y
+2)T . Let B be the standard ordered basisand C = (1, 1, 1), (1, -1, 1),
(1, 1, 2) be another ordered basis of R®.

Then find
(a) matrices T [B, B]and T [C, C].
(b) the matrix P such that P —1T [B, B] P = T [C, C].

4. Define T: C® — Cby T ((x, y, 2)T) = x. Is it a linear functional?

5. Let V be a vector space. Suppose there exists v € V such that f(v) =0,

for all f € V*. Then prove that v = 0.
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8.9 ANSWER TO CHECK YOUR
PROGRESS

1. [Provide definition and example-- 8.1.1]
2. [Provide statement and proof — 8.2.1]

3. Provide definition (a) — 8.2.4 & (b) — 8.2.5
4. Provide definition —8.3.2

5. Provide the statement of theorem and proof ---8.3.4
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STRUCTURE
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9.8 Keywords
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9.0 OBJECTIVE

Understand the concept and meaning of Inner product space
Enumerate Cauchy Schwartz Inequality

Understand The Concept Of Angle Between Two Vectors And Normed

Linear Space

Understand The Background Of GRAM-SCHMIDT
ORTHONORMALIZATION PROCESS

9.1 INTRODUCTION
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Recall the dot product in R? and R®. Dot product helped us to compute
the length of vectors and angle between vectors. This enabled us to
rephrase geometrical problems in R? and R® in the language of vectors.
We generalize the idea of dot product to achieve similar goal for a
general vector space over R or C. So, in this chapter F will denote either
R or C.

9.2 INNER PRODUCT SPACE -
DEFINITION AND BASIC PROPERTIES

Definition 9.2.1. [Inner Product] Let V be a vector space over [F. An
inner product overV, denoted by h , i, isamap fromV x Vto F

satisfying

1. (au + bv, w)=a (u,w)+ b (v,w) forallu,v,w eVand a, b €F,

2. (u,v) = (v,u),the complex conjugate of hu, vi, forall u, v €V and
3. (u,u)>0forall u €V. Furthermore, equality holds if and only if u =
0.

Remark 9.2.2. Using the definition of inner product, we immediately

observe that

1. (vaw) = (aw,v) = a{w,v) = a(v,w), foralla €Fandv,w €
V.
2. 1f (u,v) = 0forall v €V then in particular (u,u ) = 0. Hence, u = 0.

Definition 9.2.3. [Inner Product Space] Let V be a vector space with an
inner product ()

Then, (V, (,)) is called an inner product space (in short, IPS).
Example. Examples 1 and 2 that appear below are called the standard
inner product or the dot product on R" and C", respectively. Whenever
an inner product is not clearly mentioned, it will be assumed to be the
standard inner product.

1.Foru=(ul,...,un)",v=(vl,...,vn)" €R"define hu, vi = ulvl +

. +unvn=Vv' u.




Then, (, ) is indeed an inner product and hence (R", {,) ) is an IPS.
2.Foru=(ul,...,un)xv=(vl,...,vn)* eC"define (u, v)=ulvl +
-+ 4+ UNvN = VAU,

Then, (C", (,) ) isan IPS.

9.3 CAUCHY SCHWARTZ INEQUALITY

As (u,u) >0, for all u #0, we use inner product to define length of a
vector.
Definition 9.3.1. [Length / Norm of a Vector] Let V be a vector space

over F. Then, for any vector u €V, we define the length (norm) of u,
denoted ||u|| = v/ (u, u)the positive square root. A vector of norm 1 is

called a unit vector. Thus, ﬁ is called the unit vector in the direction

of u.

Example: 1. Let V be an IPS and u €'V. Then, for any scalar «, ||au|| =

] |ae]|

2. Letu=(1,-1,2,-3)" €R*. Then, ||u||=vI + 1 + 4 + 9 = /15.

1 1
—uand ——=u

Thus, = =

1 . . . . .
are vectors of norm 1. Moreover NG u is a unit vector in the direction of

u.
3 I+ Y2+ 11X = Y1 = 2(IXIF + [ly|P), for all X", y" € R". This equality
is called the Parallelogram Law as in a parallelogram the sum of square
of the lengths of the diagonals is equal to twice the sum of squares of the
lengths of the sides

4. Apollonius’ Identity: Let the length of the sides of a triangle be a, b,
¢ €R and that of the median be d € R.

B4 =2 (;F + (%),_1)

Notes
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Theorem 9.3.2 (Cauchy-Bunyakovskii-Schwartz inequality). Let V be

an inner product space

over IF. Then, forany u,v eV
| (w,v) | < |lul] |Iv]]. (A)

Moreover, equality holds in Inequality (A) if and only if u and v are
linearly dependent.

Furthermore, if u # 0 then

Proof. If u = 0 then Inequality (A) holds. Hence, let u <0. Then, by
Definition 9.1.1.3, (Au + v,Au + v)>0forall1 e€Fandv € V. In
particular, for

(v
SRS

0 < (u+v,u+v)=\ul*+ Au,v) + My, u) + ||v]*
b, |
= P e e Y e V= IV e

Or, in other words | (v, u )J* <||ul|*||v||* and the proof of the inequality
is over. Now, note that equality holds in Inequality (A) if and only if ||Au
+v, AU + v||=0, or equivalently, Au + v = 0. Hence, u and v are linearly

dependent. Moreover,

0={(0,u) = (A +v,u) = Alu,u) + (v,u)

implies that v=—-Au = —{V"uju = <v. l> i_
] [lull / [[ul

Corollary 9.3.3. Let x, y € R". Then,

(B = (82) (£1)

Check your progress
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1. Define Inner Product and Inner Product Space

2. Explain length or norm of vector

9.4 ANGLE BETWEEN TWO VECTORS

Let V be a real vector space. Then, for u, v €V, the Cauchy-Schwartz
inequality implies that

< ||1(¢L|L|’|TZ;||§ 1. We use this together with the properties of the cosine

function to define the angle between two vectors in an inner product
space.

Definition 9.4.1. [Angle between Vectors] Let V be a real vector space.
If 6 €0, x] is the

angle between u, v €V \ {0} then we define

(u,v)

costl = ———.
[al| [v]]

Example :1. Take (1,0)", (1, 1)" €R? Then, cos 6 = % So 6 = /A,

2.Take (1,1,0)", (1,1,1)" €R> Then, angle between them, say A =
cos ' 2//6
3. Angle depends on the IP. Take (x, y)= 2x1yl + x1y2 + x2y1 + x2y2

on R% Then, angle

3

T T 2 -1 3
between (1,0) , (1,1) &R equals cos N
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Figure A: Triangle with vertices A, B and C
We will now prove that if A, B and C are the vertices of a triangle (see

Figure A) and a, b and c, respectively, are the lengths of the

b%+c*-a

2
corresponding sides then cos(4) = ™ . This in turn implies that

the angle between vectors has been rightly defined.

Lemma 9.4.2 Let A, B and C be the vertices of a triangle (see Figure
5.1) with corresponding

side lengths a, b and c, respectively, in a real inner product space V then

b% + ¢ — a?

cos(4) = 2be

Proof. Let 0, u and v be the coordinates of the vertices A, B and C,
respectively, of the triangle ABC. Then, AB =u, AC =vand BC =v —

u. Thus, we need to prove that

2

_ VI Al - v —uf?

cos(4) = & VIF + [Pl = v = uf* = 2 [v]| ful| cos(A).

2w lfful

Now, by definition |[v—ul|* = [|V||**+||u|[*~2 (u, v)and hence
[IVIP+ul P~ v=ull® = 2 (u, v)

As (v, u)=||v]| [Ju]| cos(A), the required result follows.

Definition 9.4.3. [Orthogonality / Perpendicularity] Let V be an inner
product space over R. Then,

1. the vectors u, v €V are called orthogonal/perpendicular if (u, v)=0.
2. Let S V. Then, the orthogonal complement of S in V, denoted St,
equals

St={v e :(v,w)==0, forall w €S}.

Example 1. 0 is orthogonal to every vector as (0, x)==0 for all x €V,
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2. If Vis a vector space over R or C then 0 is the only vector that is

orthogonal to itself.
3.Letu=(1,2)". Whatis ut in R*?
Solution: {(x, y)" €R?| x + 2y = 0}.

Is this Null(u)?

Note that (2, —1)" is a basis of ut and for any vector x € R?,

21 — 1y @ _1).]_

u) x4+ 219

X= x.ui. X —(x,u 2)7
o) o+ (2 b o) = 25202+

5] 5]

Is a decomposition of x into two vectors, one parallel to u and the other

parallel to ut?

4.Fixu=(1,1,1,1)",v=(1,1 -1,0)" €R* Determine z, w € R* such
that u = z + w with the condition that z is parallel to v and w is
orthogonal to v.

Solution: As z is parallel to v, z = kv = (k, k, —k, 0) , for some k €R.
Since w is orthogonal to v the vector w = (a, b, ¢, d)" satisfiesa + b — ¢ =

0. Thus,c=a+ b and

(1,1,1, 1) =u=z+w=(k k —k 0)"+(a b,a+h,d).
Comparing the corresponding coordinates, gives the linear system d = 1,
atk=1b+k=21anda+ b — k=1inthe variables a, b, d and k. Thus,
solving for a, b, d and k gives z =1/3 (1, 1, -1, 0)" and w = 1/3 (2, 2, 4,
3)".

9.5 NORMED LINEAR SPACE

To proceed further, recall that a vector space over R or C was a linear
space.
Definition 9.5.1 . [Normed Linear Space] Let V be a linear space.

1. Then, a normon V is a function f(x) = ||x|[from V to R such that
27
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@) |Ix]] =0 for all x €V and if ||x]|| = 0 then x = 0.

®) |lex|| = | & | ||X|| for all & €F and x € V.

©) 11X+ yll <IIxI| + llyl| for all x, y €V (triangle inequality).
2. A linear space with a norm on it is called a normed linear space

(NLS).

Theorem 9.5.2. Let V be a normed linear space and x, y €V Then,

X1 = lyll= 1Ix =yl
Proof.
As (x| =[x —y +yll <lIx=yll + lyll one has [|x]| — [lyll <[Ix - ylI
Similarly, one obtains
Iyl = 1111 < Ily =11 = [Ix =yl
Combining the two, the required result follows.

Example: Let V be an IPS. Is it true that f(x) = 1/ (x, x) is a norm?

Solution: Yes. The readers should verify the first two conditions. For the

third condition, recalling the Cauchy-Schwartz inequality, we get

x+y.x+y)=(xx)+{xy) +{y.x)+ (v.y)
< xIP + Iyl + U= lly [+ Iy l* = (F(x) + f(y))*

flx+y)?

Thus, [|X|| = +/{x, x) is a norm, called the norm induced by the inner
product h-, -i.

Theorem 9.5.3 . Let || || be anormona NLS V. Then, k - k is induced
by some inner product if and only if k - k satisfies the parallelogram law:
[+ YII? + [1x = I = 2[[x][*+ 2]ly][*.

Example
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1. For x = (x1, x2)" € R?, we define kxk1 = |x1| + |x2|. Verify that [|x||.

is indeed a norm. But, for x = e; and y = e,, 2(||x||* + |ly||°) = 4 whereas

X+ 1P+ X = yIIP = 1 DI+ 1@ =DIF = (2] + 1) + (2] + | -
1))?=8.
So, the parallelogram law fails. Thus, ||x|]: is not induced by any inner

product in R,

9.6 GRAM-SCHMIDT
ORTHONORMALIZATION PROCESS

Definition 9..61. Let V be an IPS. Then, a non-empty set S ={v1, ...,
vn} € V is called an orthogonal set if vi and vj are mutually

orthogonal, for 1 <i#j <n, i.e,
<ulu]) = 0, forl<i <j§n
Further, if [|vi]] = 1, for 1 <i <n, Then S is called an orthonormal set. If

Sis also a basis of V then S is called an orthonormal basis of V.

Example. Which point on the plane P is closest to the point, say Q?

)

T

Solution: Let y be the foot of the perpendicular from Q on P . Thus, by

Pythagoras Theorem, this point is unique. So, the question arises: how do
we find y?
Note that ﬁ gives a normal vector of the plane P . Hence, Q= y+ ﬁ

So, need to decompose , Q into two vectors such that one of them lies on

the plane P and the other is orthogonal to the plane.

U;'?=v-i|ﬁ_fhu

Notes
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Figure B: Decomposition of vector v

Thus, we see that given u, v €V \ {0}, we need to find two vectors, say y
and z, such that y is parallel to u and z is perpendicular to u. Thus, y = u

cos(#) and z = u sin(#), where 4 is the angle between u and v.

We do this as follows (see Figure B). Letu = ﬂ be the unit vector in

the direction of u. Then, using trigonometry, os(8) = :ll g“ Hence||

00Q|| = || 0P| cos(6). Now using Definition of angle between vectors

{v,u)
Pl fhadf =

(v.u) |
Tl

loQll = v

where the absolute value is taken as the length/norm is a positive

quantity. Thus,

00Q = |0Q| & = <v, i> ey

[lall /7 [ful

Hence

- 11 u n
=(’J‘Q=< > and z = <v,—-—> _—
Y TVACES [l / Tl

In literature, the vector y = 00 is called the orthogonal projection of v

on u, denoted Proj,(v). Thus

(v, u)
[[u]

u u >
Proj, (v) = <v. —> —— and ||Proj_(v)|| = ||0Q| =
! all /[l "

(©)

Moreover, the distance of u from the point P equals

20 lOR|| = [|PQ|l = HV ~ Vs Tl Tl
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Example: Determine the projection of v=(1, 1, 1, 1)T onu=(1,1, -1,
0)'.
Solution: By Equation (C), we have

'u )

Andw = (1,1, 1, 1)T - Projv(u) =1 3(2, 2, 4, 3)T is orthogonal to u.

Example: Letu=(1,1,1,1)T,v=(,1 -1,00T,w=(1,1,0, -1)T €
R*. Write v = v1 + v2, where v1 is parallel to u and v2 is orthogonal to u.
Also, write w = w1 + w2 + w3 such that

w1 is parallel to u, w2 is parallel to v2 and w3 is orthogonal to both u

and v2.

Solution: Note that

(a) vi = Proj,(v) = (v, U)W =lu=1(LL1, 1) is parallel to u.

(b) va=v—u=1(3,3,-5,-1)7 is orthogonal to u.
Note that Proj,(w) is parallel to u and Projy, (w) is parallel to vy. Hence, we have

%{l 1,1,1)7 is parallel to u,

..|_|._-

(a) w1 = Projy(w) = (W, u) e = qu

-
i

= 1(3,3,-5, ,—1)T is parallel to vy and

(b) w2 =Proj,,(w) = (W, vo)

Vi
[[v2]

v
(c) wy=w—wy—wy= (L1,

2 4
& 2. -4)7T is orthogonal to both u and vs.

Theorem 9.6.2 Let S = {ul, . .., un} be an orthonormal subset of an IPS

V(F)

1. Then, S is a linearly independent subset of V.

2. Suppose v € LS(S) with v = }iL; aju;, for some ai’s in FF. Then,

(a) i = (v, ui}
(b) Ivl* = Eﬁ u|? = E | o |2

i=1
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3. LetzeVandw =3} (z u;)u;. Then, z =w + (z — w) with (z —

w,w)=0, i.e.,, z—w € LS(S)*. Further, ||z|| = ||w|| + ||z fw|| > ||w|| )

4. Let dim(V) =n. Then, (v,u;) =0foralli=1,2,...,nifand only if v
=0.

Proof. Part 1: Consider the linear system clul + - - - + cnun =0 in the

n
0=(0,u) = {(ciw1 + -+ cpllp, W) = ch{uj._u@} = ¢i(ui, u) = ¢i.
i=1
variables cl, ..., cn. As

(0,u)=0and (u;,u;) = 0, for all j #i, we have
Hence, ci = 0, for 1 <i <n. Thus, the above linear system has only the
trivial solution. So,

the set S is linearly independent.

Part 2: Note that

n
(voug) = (3 oju;. ) ZJ pog(ug, ) = op(ug,w) = a;.
=1

This completes the first sub-part. For the second sub-part, we have

13 b T
|| Z”’*ufng — <Z v, Zmui-> Z ¥ <ui Zn-juj>
=1 i=1

i=1 ] 1
"

T T
= ZaiZﬂ{ui,uj} =Zﬂ'iﬁt! {u;,u;) Z | e |2
i=l1 a=1

i=1 i=1

Part 3: Note that for 1 <i <n,

(z—wu) = (z,u) —(w,u)=(z,u) - <Z<Zruj}uj-.ui>




Notes
S0,z —w €LS(S)L. Hence, (z — w,w) = 0asw €LS(S). Further,

l1zI?= [lw + @ = W)|[* = [WII* + [z = w]|* = [Jw][>.
Part 4: Follows directly using Part 2b as {ul,..., un} is a basis of V.

Theorem 9.6.3 . Let V be a finite dimensional ips with an orthonormal
basis {v1, - -, vn}.

Then, for each x,y €V,

T
(>, ¥} = D> _{x, wvi){y, vi)-
i=1
Furthermore, if x =y then kxk2 = X7, |{x, v;}|? (generalizing the
Pythagoras Theorem).
As a corollary to Theorem 9.5.2, we have the following result.

Theorem 9.5.4 (Bessel’s Inequality). Let V be an ips with {v1, - - -, vn}
as an orthogonal set.

Then,
= | (= Vi) |2 for each z
T S < |zl
k=1 k eV.
n z, V}.
Equality holds if and only Z TeEACEE
k=1
Proof. For 1 <k <n, define u, = — and use Theorem 9.5.2.4 to get

I| II
the required result.

Check your proress

3. Explain normed linear space.
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4. Explain Orthonormal projection

9.7 LET’S SUM UP

In this chapter we got clarity about the inner product space, Cauchy-
Schwartz inequality, orthogonality, orthonormal basis and orthogonal

projection

9.8 KEYWORDS

1. Vertices - The common endpoint of two or more rays or line segments
2. Coordinates - A set of values that show an exact position. On graphs
it is usually a pair of numbers: the first number shows the distance along,
and the second number shows the distance up or down

3. Linearly Independent. A set of vectors is maximally linearly
independent if including any other vector in the vector space would
make it linearly dependent

4. Parallel lines are two lines that are always the same distance apart and

never touch.

9.9 QUESTION FOR REVIEW

1.Letu=(-1,1,2,3,7) €C. Find all a €C such that ||au|| = 1.

2. Consider R® with the standard inner product. Find -- S< for S = {(1, 1,
1)7,(0,1, -1)"}and S=LS((1,1,1)", (0, 1, —1)").

3. Let A € My(C) satisfy ||AX||< ||x]|| for all X € Cy. Then, prove that if o

€ Cwith | a | > 1then A — ol is invertible.

4. Prove Bessel’s Inequality
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9.11 ANSWER TO CHECK YOUR
PROGRESS

1. [Provide definition and example-- 9.1.1 & 9.1.3]
2. Provide related definitions — 9.2.1
3. Provide definition and explanation — 9.4.1

4. Explain example of 9.5.1
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UNIT 10: QUADRATIC FORMS

STRUCTURE
10.0 Objective

10.1 Introduction

10.2 Quadratic Forms

10.3 Reduction of Quadratic Forms

10.4 Canonical Forms for Complex and Real Forms
10.5 Sylvester’s Law of Inertia

10.6 Let’s sum up

10.7 Keywords

10.8 Questions for review

10.9 Suggested Readings

10.10 Answers to Check Your Progress

10.0 OBJECTIVE

Understand the concept of Quadratic forms & reduction of Quadratic
forms, Understand the canonical forms , Understand the Sylvester law of

inertia.

10.1 INTRODUCTION

A lot of applications of mathematics involve dealing with quadratic
forms: you meet them in statistics (analysis of variance) and mechanics
(energy of rotating bodies), among other places. In this section we begin

the study of quadratic forms.
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10.2 QUADRATIC FORMS

For almost everything in the remainder of this chapter, we assume that
the characteristic of the field K is not equal to 2.

This means that 2 # 0 in K, so that the element 1/2 exists in K. Of our list
of “standard” fields, this only excludes [F,, the integers mod 2. (For
example, in Fs, we have 1/2 = 3.)

A quadratic form as a function which, when written out in coordinates, is
a polynomial in which every term has total degree 2 in the variables. For

example, is a quadratic form in three variables.
q(x.y,z) = X* + dxy+ 2xz — 3y* — 2yz — 7

Definition 10.2.1 A quadratic form in n variables x,...,x, over a field K

is a polynomial

ra T
2 E L g XX _f
i—1 j=—1
in the variables in which every term has degree two (that is, is a multiple
of xix ; for some i, j).
In the above representation of a quadratic form, we see that if i # j, then
the term in x;x j comes twice, so that the coefficient of xixis a;; + a;. We
are free to choose any two values for a jj and a j;as long as they have the
right sum; but we will always make the choice so that the two values are
equal. That is, to obtain a term ¢ x;X j, we take a;; = a;; = c¢/2. (This is why
we require that the characteristic of the field is not 2.)
Any quadratic form is thus represented by a symmetric matrix A with (i,
J) entry a; (that is, a matrix satisfying A = A>). This is the third job of
matrices in linear algebra: Symmetric matrices represent quadratic
forms.
We think of a quadratic form as defined above as being a function from

the vector space K" to the field K. It is clear from the definition that

X1
G(xX1.....x,) = v Av, where v =
Xp
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Now if we change the basis for V , we obtain a different representation
for the same function g. The effect of a change of basis is a linear
substitution v = Pv' on the variables, where P is the transition matrix

between the bases. Thus we have so we have the following:

V7Av = (PV)T(P V') = (V)T (PTAP) V',
Proposition 10.2.2 A basis change with transition matrix P replaces the
symmetric matrix A representing a quadratic form by the matrix P TAP.
Definition 10.2.3 Two symmetric matrices A,A' over a field K are
congruent if A' = PTAP for some invertible matrix P.
Proposition 10.2.4 Two symmetric matrices are congruent if and only if

they represent the same quadratic form with respect to different bases.

10.3 REDUCTION OF QUADRATIC
FORMS

Even if we cannot find a canonical form for quadratic forms, we can
simplify them very greatly.

Theorem 10.3.1 Let g be a quadratic form in n variables x1,...,xn, over a
field K whose characteristic is not 2. Then by a suitable linear
substitution to new variables y1,...,yn, we can obtain for some cy,...,C, €
K.

-

g = c1V7 4+ €23 + - - -+ CrVe

Proof : Our proof is by induction on n. We call a quadratic form which is
written as in the conclusion of the theorem diagonal. A form in one
variable is certainly diagonal, so the induction starts. Now assume that

the theorem is true for forms in n— 1 variables. Take

fi i
G(X1, .. Xp) = Z z L T L

i=1 j=1
where a;; = aji for i #J.

Case 1: Assume that a;; # 0 for some i. By a permutation of the variables
(which is certainly a linear substitution), we can assume that a;; # 0. Let
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n
yi=x1+ 3 (aii/ai)x;.

i=2

Then we have

n
2 2 f .
anyy =anxy+2 Z ayx1xi+q (x2,...,x,),
i=2
where @' is a quadratic form in xy,...,X,. That is, all the terms involving x;

in g have been incorporated into a;;y?. So we have

g1, xn) = a1+ 4" (X2, Xn),

where g™ is the part of g not containing x; minus g'. By induction,

there is a change of variable so that and so we are done (taking c; = aj1).

Fi
-
q.\'.l' {A_EI‘ o -_-an} — z r—-‘-i_-.",; .
i=2

Case 2: All a;; are zero, but a;j# 0 for some i # j. Now
_ 1 i 2 - 32
xij = g (v +x5)° — (xi —x5)7)

Case 3: All a;j are zero. Now q is the zero form, and there is nothing to
prove: take c1 = - =cn =0.

Example : Consider the quadratic form q(x,y,z) = X + 2xy+ 4xz+ y? +
47°. We have

(x4+y+22)> = x4 2y + dxz+)* +42% + 4yz,

g = (x+y+ 22}1 — dyz
= {x—l—_v+22}1—U‘—l—z]l+[v—:]2
= + Vv — wz._

whereu=x+y+2z,v=y—2z w=Yy+z Otherwise said, the matrix

representing the quadratic form, namely is congruent to the matrix

rl 1 >
- — 1 1 0
|_z O “
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1 O O

AT — O 1 O -
O o — 1 Can you find an invertible matrix P such that
P>AP = A"?

Thus any quadratic form can be reduced to the diagonal shape

a1x? +-+anx?2 by a linear substitution. But this is still not a “canonical
form for congruence”.

For example, if y; = x4/c, then a1x? = (alc2) yZ. In other words, we can
multiply any «i by any factor which is a perfect square in K. Over the
complex numbers C, every element has a square root. Suppose that

01,...,ar 70, and oy+1 = -+ = an = 0. Putting

(Ot )x; forl << i<<r,
= ;

Vi = X for 4+ 1

we have q = y7. ++ y2..

We will see later that r is an “invariant” of q: however we do the
reduction, we arrive at the same value of r. Over the real numbers R,
things are not much worse. Since any positive real number has a square
root, we may suppose that ay,...,os > 0, as+1,..., a5+t < 0,

and « s+t+1,...,0n = 0. Now putting

(veg)x;  forl <i<s,
Vi= (\/_—ﬂli}xf f‘l:ll'.'!?+1'“"_:j{_:5+fa
x; fors4+t+1<i<n,

We get g = x2 +-++ X+ 52 — x5 241 —-— x5 2+t.

Again, we will see later that s and t don’t depend on how we do the
reduction.

[This is the theorem known as Sylvester’s Law of Inertia.]

10.3.2 Quadratic and bilinear forms

The formal definition of a quadratic form looks a bit different from the
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version we gave earlier, though it amounts to the same thing. First we

define a bilinear form.

Definition 10.3.3 (a) Let b : V' XV — K be a function of two variables
from V with values in K. We say that b is a bilinear form if it is a linear
function of each variable when the other is kept constant: that is,

b(v,wl + w2) = b(v,wl)+ b(v,w2), b(v,cw) = cb(v,w),

With two similar equations involving the first variable. A bilinear form b

is symmetric if b(v,w) = b(w,v) forall v,w €V .

(b) Let g : ¥ — K be a function. We say that q is a quadratic form if
—q(cv) =c’q(v) forallc €K, v €V;
— the function b defined by

b(v.w) = 2(a(v+ W)~ g(v)~ g(w))

is a bilinear formon V..

Remarks The bilinear form in the second part is symmetric; and the
division by 2 in the definition is permissible because of our assumption
that the characteristic of K is not 2.

If we think of the prototype of a quadratic form as being the function x,
then the first equation says (cx)? = ¢®?, while the second has the form

L y? -2 2D =y,
and xy is the prototype of a bilinear form: it is a linear function of x when

y is constant, and vice versa.
Note that the formula b(x,y) = % Q(x+ y)— g(x)— ¢(y)) (which is known

as the polarization formula) says that the bilinear form is determined by

the quadratic term.

Conversely, if we know the symmetric bilinear form b, then we have
2q(v) = 4q(v)— 2q(v) = q(v+ v)— g(v)— g(v) = 2b(v,v),

so that q(v) = b(v,v), and we see that the quadratic form is determined by

the symmetric bilinear form. So these are equivalent objects.

If b is a symmetric bilinear form on V and B = (v1,...,vn) is a basis for V ,

then we can represent b by the nx n matrix A whose (i, j) entry is a;; =

b(vi,V ).
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Note that A is a symmetric matrix. It is easy to see that this is the same as
the matrix representing the quadratic form.

Here is a third way of thinking about a quadratic form. Let V*be the dual
space of V, and let « :V"—V *be a linear map. Then for v €V, we have

a(v) €V~ and so a(v)(w) is an element of K. The function

b(v,w) = a(v)(w)
is a bilinear form on V . If a(v)(w) = a(w)(v) for all v,w €V , then this
bilinear form is symmetric. Conversely, a symmetric bilinear form b
gives rise to a linearbmap a : V' — V* satisfying a(v)(w) = a(w)(v), by the
rule that a(v) is the linear map w — b(v,w).
Now given a : V' — V*, choose a basis B for V , and let B* be the dual
basis for V* Then « is represented by a matrix A relative to the bases B
and B~
Proposition 10.3.4 The following objects are equivalent on a vector
space over a field whose characteristic is not 2:
(a) a quadratic formonV ;
(b) a symmetric bilinear formon V ;
(c) a linear map a : V — V* satisfying a(v)(w) = a(w)(v) for all vw € V
.Moreover, if corresponding objects of these three types are represented
by matrices as described above, then we get the same matrix A in each
case. Also, a change of basis in V with transition matrix P replaces A by
PTAP.
Proof : Only the last part needs proof. We have seen it for a quadratic
form, and the argument for a bilinear form is the same. So suppose that «
: V' — V x and we change from B to B in V with transition matrix P. We
saw that the transition matrix between the dual bases in V+*is (P7) ™.
Now go back to the discussion
of linear maps between different vector spaces in Chapter 4. If o : V' —
W and
we change bases in V and W with transition matrices P and Q, then the
matrix A representing « is changed to Q * AP. Apply this with Q =
P7)-1, so that Q' = P7,and we see that the new matrix is P”AP, as
required.

Check your progress




1. Explain Quadartic form

2. What do you understand by bilinear form, enumerate it.

10.4 CANONICAL FORMS FOR
COMPLEX AND REAL FORMS

Finally, in this section, we return to quadratic forms (or symmetric
matrices) over the real and complex numbers, and find canonical forms
under congruence. Recall that two symmetric matrices A and A' are
congruent if A' = PTAP for some invertible matrix P; as we have seen,
this is the same as saying that the represent the same quadratic form
relative to different bases.

Theorem 10.4.1 Any nx n complex symmetric matrix A is congruent to

a matrix of the form

i - o.r»

o o.»
for some r. Moreover, r = rank(A), and so A is congruent to two matrices
of this form then they both have the same value of r.
Proof We already saw that A is congruent to a matrix of this form.
Moreover, if P is invertible, then so is PT, and so as claimed

r = rank(PTAP) = rank(A)

The next result is Sylvester’s Law of Inertia.

Theorem 10.4.2 Any nx n real symmetric matrix A is congruent to a

matrix of the form

. o L
o — L
o> o> L

for some s,t. Moreover, if A is congruent to two matrices of this form,
then they have the same values of s and of .
Proof Again we have seen that A is congruent to a matrix of this form.

Arguing as in the complex case, we see that s + t = rank(A), and so any

-

-
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two matrices of this form congruent to A have the same values of s+t.
Suppose that two different reductions give the values s,t and s',t'
respectively, with s+t = s' +t' = n. Suppose for a contradiction that s <s".
Now let g be the quadratic form represented by A. Then we are told that
there are linear functions y1,...,yn and z1,...,zn of the original variables
x1,...,xn of g such that
Now consider the equations

y1=0,..., ys =0, Zs+1=0,... =0
regarded as linear equations in the original variables x1,...,xn. The
number of equations is s+(n— s') = n—(s' — s) <n. According to a lemma
from much earlier in the course (we used it in the proof of the Exchange
Lemmal), the equations have a non-zero solution. That is, there are
values of x1,...,xn, not all zero, such that the variables y1,...,ys and

Zs'41,...,Zn are all zero.

Since y; = -~ =ys = 0, we have for these values
g=—Rn == <0
But since z
s'+1 =--=2zn=0, we also have
q:z%—l—u-—k:_‘sr = 0.

But this is a contradiction. So we cannot have s < s'. Similarly we cannot

have sO < s either. So we must have s = s', as required to be proved.

We saw that s+t is the rank of A. The number s—¢ is known as the
signature of A. Of course, both the rank and the signature are
independent of how we reduce the matrix (or quadratic form); and if we
know the rank and signature, we can easily recover s and t.

Let g be a quadratic form in n variables represented by the real
symmetric matrix A. Let g (or A) have rank s+ t and signature s— ¢, that
IS, have s positive and t negative terms in its diagonal form. We say that
q (or A) is




« positive definite if s =n (and t = 0), that is, if q(v) >0 for all v, with
equality only if v =0;

* positive semidefinite if t = 0, that is, if q(v) >0 for all v;

* negative definite if t = n (and s = 0), that is, if g(v) <0 for all v, with
equality only if v=0;

* negative semi-definite if s = 0, that is, if g(v) <0 for all v;

« indefinite if s >0 and t > 0, that is, if g(v) takes both positive and
negative values.

Lemma 10.4.3. Let A € M, (C). Then A is Hermitian if and only if at
least one of the following

statements hold:

1. S+AS is Hermitian for all S € M,,.

2. Alis normal and has real eigenvalues.

3. xxAx € R forall x € Cp.

Proof. Let S € M, (S'AS) = S'A"S =SAS. Thus S'AS is Hermitian.
Suppose A = A™ Then, A is clearly normal as AA* = A% = *A. Further, if
(4, x)isan

eigenpair then Ax=x = x#AX €R implies 4 €R.

For the last part, note that xxAx € C. Thus x*Ax = (X*AX)* = X*A*x =

x*Ax, we get Im(x*Ax) = 0. Thus, x*Ax € R.

If S*AS is Hermitian for all S € M,,. then taking S = In gives A is
Hermitian.

If A'is normal then A=U * diag(11, . . ., /n)U for some unitary matrix
U. Since 4i €R,

A* = (U =diag(/1, . . ., An)U)*= U*diag(41, . . ., An)U = U* diag(11, . . .

, An)U = A,

So, A is Hermitian.

If x*Ax €R for all x € C . then aii = e i Aei €R. Also,
aj +all +ajj +a; = (ei +ej) xA(ei + ej) €R.

So,

Im(aij) = —Im(aji). Similarly, aji + aj; + iajj — ia;i = (ei + iej) #A(ei + iej) €

Rimplies that Re(a;)) = Re(a;;). Thus, A = A*,
Remark 10.3.4 Let A € M. (R). Then the condition xxAx € R in

Definition 6.3.9 is always
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2. Let A=

true and hence doesn’t put any restriction on the matrix A. So, in
Definition 6.3.9, we assume
that AT = A, i.e., A is a symmetric matrix.

Example:

1 3 141
1—1 4

Theorem 10.4.5 Let A € M, (C). Then, the following statements are

1 /2 i
or A= V2 ltj
1 1—i /2

1. Let A= or A= . Then, A is positive definite,

. Then, A is positive semi-definite but not positive

definite.
equivalent.

1. A is positive semi-definite.
2. Ax = A and each eigenvalue of A is non-negative.
3. A= B* B for some B € M (C).

Proof. 1 = 2: Let A be positive semi-definite. Then, by Lemma 10.3.3 A
is Hermitian. If

(a, V) is an eigen-pair of A then a||v||* = v*Av >0. So, a > 0.

2 =23: Leto(A)={al, ..., an}. Then, by spectral theorem, there exists a
unitary matrix U such that U AU = D with D = diag(a1, . . ., on). As ai
>0, for 1 <i <n define

DY*=diag(vay, . . . , /an,). Then, A= U D** [DY?U*] = B* B.

3 = 1: Let A = B* B. Then, for x €C,, x*Ax = x*B*Bx = ||Bx||* > 0. Thus,
the required result follows.

A similar argument gives the next result and hence the proof is omitted.
Theorem 10. 4.6. Let A € M, (C).Then, the following statements are
equivalent.

1. A'is positive definite.

2. A* = A and each eigenvalue of A is positive.

3. A = BxB for a non-singular matrix B € M,(C).

Remark 10.4.7. Let A € M, (C).be a Hermitian matrix with eigenvalues
M > Xy > -+ >\, Then, there exists a unitary matrix U = [ul, u2, . . .,
un] and a diagonal matrix D = diag(A1, A2, . . ., An) such that A =
UDU*. Now, for 1 <i <n, define ai = max{Ai, 0} and Bi = min{Ai, 0}.




Notes
Then

1. for D1 = diag(al, 02, . . ., an), the matrix A1 = UD1U* is positive
semi-definite.

2. for D2 = diag(B1, B2, . . ., Pn), the matrix A2 = UD2U* is positive
semi-definite.

3. A= A; — A,. The matrix Al is generally called the positive semi-
definite part of A.

Definition 10.4.8. [Multilinear Function] Let V be a vector space over
F. Then,

1. for a fixed m €N, a function f : V™ — F is called an m-multilinear
function if f is linear in each component. That is,

f(vi,...,vi—1, (vi+au),vitl...,vm)=f(vl, ..., vi—1,vi,vi+l...,
vm) +af(vl, ..., vi—1,u,Vvi+l..., vm)

fora €F,ueVandvi €V, forl <i<m.

2. An m-multilinear form is also called an m-form.

3. A 2-form is called a bilinear form.

Definition 10.4.9. [Sesquilinear, Hermitian and Quadratic Forms]
Let A = [aij] € M,(C).

be a Hermitian matrix and let x, y € C,.. Then, a sesquilinear form in X,
y € C, is defined as H(X, y) = y ¥Ax. In particular, H(x, x), denoted H(X),
is called a Hermitian form. In case A € Mn(R), H(X) is called a
quadratic form.

Remark 10.4.10. Observe that

1. if A = In then the bilinear/sesquilinear form reduces to the standard
inner product.

2. H(X, y) is ‘linear’ in the first component and ‘conjugate linear’ in the
second component.

3. The quadratic form H(x) is a real number. Hence, for o € R, the

equation H(X) = a, represents a conic in R".

10.5 SYLVESTER’S LAW OF INERTIA

The main idea of this section is to express H(x) as sum or difference of
squares. Since H(x) is

47




Notes

48

a quadratic in x, replacing x by cx, for ¢ € C, just gives a multiplication
factor by [c|>. Hence,
one needs to study only the normalized vectors. Let us consider Example

6.1.1 again. There we see that

) 2 R . ) )
xTAx = 3{£—;'{’I} _ 5 y) =(z+2y)*—3y°, and (1)
: T + 2y)° 2r — y)* 2y ,  50y*
x'Bx = 1u ~ ”]M = (3z — %"jr’ - % e
5 5 : -

Note that both the expressions in Equation (1) is the difference of two
non-negative terms.

Whereas, both the expressions in Equation (2) consists of sum of two
non-negative terms. Is this just a coincidence?

In general, let A € Mi,(C) be a Hermitian matrix. Then, o(A) = {al, . . .,
on} € R and there exists a unitary matrix U such that U*AU =D =
diag(al, . . ., an).

Let x = Uz. Then, kxk = 1 and U is unitary implies that ||z]| = 1. If z =
(z1,...,zn)* then

i

p . )
H(x)=2'U*AUz=12"Dz = thf|zi|z = z Vi zif* - Z ‘v’fm z.‘-| NE)
i=1

=1 i=p+1

where o, . . ., op >0, ap+l, ..., or<0andartl, ..., on = 0. Thus,
we see that the possible values of H(x) seem to depend only on the
eigenvalues of A. Since U is an invertible matrix, the components zi’s of
z=U " x = U *x are commonly known as the linearly independent
linear forms. Note that each zi is a linear expression in the components
of x. Also, note that in Equation (6.3.3), p corresponds to the number of
positive eigenvalues and » — p to the number of negative eigenvalues.
For a better understanding, we define the following numbers.

Definition 10.5.1. [Inertia and Signature of a Matrix] Let A € M,(C)
be a Hermitian matrix. The inertia of A, denoted i (A), is the triplet

(i+(A), i—(A), i'(A)), where i+(A) is the number of positive eigenvalues of




A, i—(A) is the number of negative eigenvalues of A and i'(A) is the
nullity of A. The difference i+(A) — i—(A) is called the signature of A.
Lemma 10.5.2. [Sylvester’s Law of Inertia] Let A € M,(C) be a
Hermitian matrix and let

X € Cy. Then, every Hermitian form H(X) = x+xAX, in n variables can be

written as
_ 2 2 2 2
H(x) = |y +- 4yl = lypaa P = = Iy
re
y1, ..., yrare linearly independent linear forms in the components of x

and the integers p and r satisfying 0 < p < r <n, depend only on A.
Proof. Equation (3) implies that H(x) has the required form. We only
need to show that p and r are uniquely determined by A. Hence, let us

assume on the contrary that there exist p, g, r, s € N with p > g such that

Hx) = |[yilP+-+1yl* = lypl* = = ly:l* @
= |Zl|g+"'+|Zq|g_|zq+l|g_"'_|Z.\-|2-. ()
Y 7 V1 Z1
where y = [Yl] =Mx,z= [Zl] =NxwithY1 = ]and Z1= [ : ]for
2 2
Yp Zp

some invertible matrices M and N. Now the invertibility of M and N

implies z = By, for some invertible matrix B.

Z
2y

where Bl isa g x p matrix. Then

Decompose

B; B
By By

By By

As p > g, the homogeneous linear system B;Y; = 0 has a nontrivial

Rt
solution,say Y; =1 : |and

Yp
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consider y = [1(/)1] .Then for this choice of y e, Z1 = 0 and thus, using

Equations (4) and (5), we have

H(y) =[] + "+ + 15 = 0=0= (lzg+1] + - + |2]).
Now, this can hold only if ¥;= 0, a contradiction to Y f 1 being a non-
trivial solution. Hence
p = g. Similarly, the case r > s can be resolved. This completes the proof
of the lemma.

Remark 10.5.3. Since A is Hermitian, Rank(A) equals the number of
nonzero eigenvalues. Hence, Rank(A) = r. The number r is called the
rank and the number r — 2p is called the inertial degree of the
Hermitian form H(x).

Check your progress

3. What is Hermitian and state its necessary condition?

4. Define Signature and inertia of the matrix

10.6 LET’S SUM UP

We understand the quadratic forms, its representation and its reduction.
We have understood the relation between quadratic form and bilinear

form. Comprehended the Slyvester law of Inertia

10.7 KEYWORDS

1. Symmetric matrices —a symmetric matrix is a square matrix that is
equal to its transpose.

2. Unitary matrix —a matrix that has an inverse and a transpose whose
corresponding elements are pairs of conjugate complex numbers.

3. Restriction — the restriction of a function is a new function, denoted
or , obtained by choosing a smaller domain A for the original

function
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4. Permissible — that may be permitted : allowable

10.8 QUESTION FOR REVIEW

1. Let A € MIn(C) be a Hermitian matrix. If the signature and the rank of

A is known then prove that one can find out the inertia of A.
2. Explain reduction of Quadratic forms

3. Explain Slyvester law of Inertia
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10.10 ANSWER TO CHECK YOUR
PROGRESS

1. Provide definition and example—10.1.1

2. Provide explanation and definition — 10.2.3
3. Provide definition and explanation — 10.3.3

4. Provide definition — 10.4.1
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UNIT 11: JORDAN CANONICAL
FORM

STRUCTURE

11.0 Objective

11.1 Introduction

11.2 Generalized Schur’s Theorem
11.3 Jordan Canonical Form Theorem
11.4 Minimal Polynomial

11.5 Let’s sum up

11.6 Keywords

11.7 Questions for review

11.8 Suggested Readings

11.9 Answers to Check Your Progress

11.0 OBJECTIVE

Understand the generalized Schur’s theorem and its application
Comprehend the JORDAN CANONICAL FORM THEOREM

ENUMERATE TE CONCEPT OF minimal polynomial

11.1 INTRODUCTION

Jordan canonical form is a representation of a linear
transformation over a finite-dimensional complex vector space by a

particular kind of upper triangular matrix. Every such linear




transformation has a unique Jordan canonical form, which has useful
properties: it is easy to describe and well-suited for computations.

Less abstractly, one can speak of the Jordan canonical form of a square
matrix; every square matrix is similar to a unique matrix in Jordan
canonical form, since similar matrices correspond to representations of
the same linear transformation with respect to different bases, by

the change of basis theorem.

Jordan canonical form can be thought of as a generalization

of diagonalizability to arbitrary linear transformations (or matrices);
indeed, the Jordan canonical form of a diagonalizable linear

transformation (or a diagonalizable matrix) is a diagonal matrix.

11.2 GENERALIZED SCHUR’S THEOREM

We start this chapter with the following theorem which generalizes the
Schur Upper triangularization theorem.
Theorem 11.2.1. [Generalized Schur’s Theorem] Let A € Mn(C).

Suppose A4, . . ., A are the distinct eigenvalues of A with multiplicities

m1, ..., mk, respectively. Then, there exists a non-singular matrix W
such that
A.
W=lAw = T;, where, Ty € M,,,.(C), for1<i <k

i=1
and T;’s are upper triangular matrices with constant diagonal A;. If A has
real entries with real eigenvalues then W can be chosen to have real
entries.

Proof. By Schur Upper Triangularization, there exists a unitary matrix U
such that U*AU =T, an upper triangular matrix with diag(T) = (A1, . . .,
A, ..., Ak, ..., Ak). Now, for any upper triangular matrix B, a real
number o and i < j, consider the matrix F(B, 1, j, o) = Eij(—o)BEij(a).

Then, for 1 <k, | <n,

B;j —aBj; + aB;;, whenever k=1i,{=j

.. Bjs — aBj;. whenever { # j (1)
(F(B,i,j.a)), =4 1t~ P |
BI.-j + aBy, whenever k # i
By, otherwise.

Notes
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Now, using Equation (1), the diagonal entries of F(7, i, j, «) and T are

equal and

Tij, whenever T;; =T .
0, whenever T;; # T;; and a = p——bp.

33 1T

{F{T E.lr “}}Ij = {

Thus, if we denote the matrix F(T, i, j, a) by T1 then (F(T1,i -1, |,
a))i-1j = 0, for some choice of o, whenever (T1)i-1i-1 # Tjj. Moreover,
this operation also preserves the 0 created by F(T, i, j, a) at (i, j)-th place.
Similarly, F(T1, i, j + 1, o)) preserves the O created by F(T, i, j, o) at (i, j)-
th place. So, we can successively apply the following sequence of
operations to get T — F(T, m;, my+1, o) = T; — F(T1, my—1, m;+1, B)
— -+ = F(Tp, -1, 1, m+1,y) = Tmy where o, B, . . ., y are
appropriately chosen and Tm1[:, m1 + 1] = A,e,,, +1. Thus, observe that
the above operation can be applied for different choices of i and j with i
< j to get the required result.

Definition 11.2.2. [Jordan Block and Jordan Matrix]

1. Let A €C and k be a positive integer. Then, by the Jordan block Jk(2)
€ M, (C), we

understand the matrix

b
ol

2. A Jordan matrix is a direct sum of Jordan blocks. That is, if Ais a
Jordan matrix
having r blocks then there exist positive integers Ki’s and complex
numbers Ai’s (not
necessarily distinct), for 1 <i <r such that

A= Jib(4) @D Ji, (Ar).
1. J1(0) = [0] is the only Jordan matrix of size 1.

2. J1(0) @ J1(0) = [8 8] and J,(0) = [g (1)] are Jordan matrices of size

2.




3. Even though , J;(0) & J»(0) and J>(0) & J1(0) are two Jordan matrices
of size 3, we do

not differentiate between them as they are similar

0 0 O 0 1 0
0 0 O 0 0 O
0 1 0
0 0 O

Remark 11.2.3. [Jordan blocks] Fix a positive integer k. Then,
1. (2) is an upper triangular matrix with 1 as an eigenvalue.

2. J(A) = AL+ Ji(0).

3. Alg.Mul A(Jk(4) )= k.

4. The matrix Ji(0) satisfies the following properties.

5. Thus, using Remark 11.1.3.4d Geo.Mul A(Jx(2)) = 1

(a) Rank((J(0)) =k —i, for 1 <i<k.

(b) JT(0).Jx(0) = [:j v ]

I
(¢) J(0)F =0 whenever p > k.
(d) Jip(0)e; =ej_y fori=2,... k.

(e) (1= JL(0)(0) )x = {ﬂ = (x,e1)er.

Definition 11.2.4. [Index of an Eigenvalue] Let J be a Jordan matrix
containing Jt(1), for some positive integer t and some complex number 4.
Then, the smallest value of k for which Rank((J — A1)¥) stops decreasing
is the order of the largest Jordan block Jyx(2) in J. This number k is called
the index of the eigenvalue /.

Lemma 11.2.5. Let A € M,(C) be strictly upper triangular. Then, A is
similar to a direct sum of Jordan blocks. That is, there exists a non-
singular matrix S and integersnl>...>nm>1

such that

A=S510n @@ @ Jn, (0)S.

If A € M,(R) then S can be chosen to have real entries.
Proof. We will prove the result by induction on n. For n = 1, the

statement is trivial. So, let
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the result be true for matrices of size <n — 1 and let A € Mi(C) be
strictly upper triangular.

0 af
0 A4

matrix S1 such that

Then, A= [ ] . By induction hypothesis there exists an invertible

L
Ay =871 (.Im )@ & Jumlffl})fa“l with z n; =n— 1.

i=1

Thus,

L0, U 0|1 00|l 0f |0 a’s
0 STHUl0 S| o SsTH o Adlfo S| [0 ST

where S;1 Un,(0) @D Jn,,(0)) S1=J,, (0) &Jand a'S, =

[ala}]. Now, writing /,,, to

] a? ag‘l
) Jny(0) 0
0 J

— —
-

mean J,,, (0) and using Remark 11.1.3.4e, we have

1 —alJl o]0 af 1 alJr o

]

b g

EL-E {EI.]_. eq }e? &
0
J

I
o o o

0 I 0] 10 Jy, 0 I, 0 " - 0
0 0 I{|1o 0 0 0 I 0 J
So, we now need to consider two cases depending on whether [al, el] =
0 or[al, el] #0. Inthe
0 0 af
first case, Ais similarto [0 J, 0 |. Thisin turn is similar
0o 0 J
Jo, 0 O
tol 0 0 al[bypermuting the first row and column. At this stage,
0o 0 J
one can apply induction and if necessary do a block
permutation, in order to keep the block sizes in decreasing order.
So, let us now assume that [al, e1] # 0. Then, writing o = [a1, e1], we
have
I D;,.1a§.}!_l -Inl+1 eiag.ﬁ_l I —ci+1a§.14'_1 _ -lr111+1 ej+]ﬂg'uré Cfori> 1.
0 I 0 J 0 I 0 J




Now, using Remark 11.1.3.4c, verify that

20 0][0 ael a]|[a 0 0 0 e al .
; ) _ |lr;!1--]_ clag
0 I 0110 Joy OL10 T 0L=10 Ju 0]=

_— o , 0 J
0 0 HI 0 0 J1I0 0 af 0 0 J

Hence, for p=n — n; — 1, we have

].

I ep+1ag.ﬂ’_l I esal oy 41 ejal | [I —esal 1 —cp,laT,IP_l ~ i1 0
0 I 0 I 0 J o 1 0 I B I R

If necessary, we need to do a block permutation, in order to keep the
block sizes in decreasing order. Hence, the required result follows
Corollary 11.2.6. A e Mn(C). Then, A is similar to J, a Jordan matrix.
Proof. Let A1, . . ., Ak be the distinct eigenvalues of A with algebraic
multiplicities m1, ..., mk.

By Theorem 11.1.1, there exists a non-singular matrix S such that S AS
= @K ,Ti, where Ti is an upper triangular with diagonal (Ai, . . . , Ai).
Thus Ti — Al is a strictly upper triangular matrix. Thus, by Theorem

11.1.5, there exist a non-singular matrix Si such that
STHT = Ailm,)Si = J(0)

a Jordan matrix with 0 on the diagonal and the size of the Jordan blocks
decreases as we move down the diagonal. So, S;'T; S;= J(4i) is a Jordan
matrix with 1; on diagonal and the size of the Jordan blocks decreases as
we move down the diagonal.
Now, take W = @X_, Si. Then, verify that W ~* AW is a Jordan matrix.
Let A € M,(C). Suppose A € a(A) and J is a Jordan matrix that is similar
to A. Then, for each fixed i, 1 <i <n, by "i(1), we denote the number of
Jordan blocks Jk(4) in J for which £ > ;.
Remark 11.2.7 . Let A € M,(C). Suppose 1 € o(A) and J is a Jordan
matrix that is similar to A. Then, for | <k <n,

l(2) = Rank(4 — A1)** — Rank(4 — A1),

|
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Proof. We need to consider only the Jordan blocks Jk(Z), for different

values of k. Hence, without loss of generality, let us assume that J
=@, aidi(4), where ai’s are non-negative integers and J contains
exactly ai copies of the Jordan block Ji(1), for 1 <i <n.

We observe the following:

1. n=Y iaj.

i>1

2. Rank(J — AI) = 3" (i — 1)a;.
i=2

3. Rank((J — AI)%) = (i — 2)as.

i>3

4. In general, for 1 < k < n, Rank((J — A5 = Y (i — k)a.
izk+1

Thus, writing I; in place of I; (1),we get
Y 4= ia;— ) (i—1)a; =n—Rank(J - AI),

izl izl i>2

by = Y ;=) (i—1)a;= Y (i—2)a; = Rank(J — AI) — Rank((.J = AI)?),

iz2 iz2 i>3

0

b = Y a;=) (i=(k=1))a;— Y (i—k)a; = Rank((.] = AI)*~") = Rank((.] — AD)¥).

izk izk izk+1

Now, the required result follows as rank is invariant under similarity
operation and the matrices J and A are similar.

Lemma 11.2.8. [Similar Jordan Matrices] Let J and JO be two similar
Jordan matrices of size n. Then, J is a block permutation of JO.

Proof. For 1 <i<n, let "i and "0i be, respectively, the number of Jordan
blocks of J and JO of size at least i corresponding to A. Since J and JO are
similar, the matrices (J — Al)i and (JO — AD)i are similar forall i, 1 <i<n.
Therefore, their ranks are equal for all i >1 and hence, "i = "0i forall i >
1. Thus the required result follows.

Check your progress

1. Define the following

58




a. Jordan Block

b. Jordan Matrix

2. What do you understand by Similar Jordan Matrices.

11.3 JORDAN CANONICAL FORM
THEOREM

Theorem 11.3.1. [Jordan Canonical Form Theorem] Let A € M,(C).
Then, A is similar to a Jordan matrix J, which is unique up to
permutation of Jordan blocks. If A € M,(R) and has real eigenvalues
then the similarity transformation matrix S may be chosen to have real
entries.

This matrix J is called the the Jordan canonical form of A, denoted
Jordan CF(A)

Example: Let us use the idea from Lemma 11.1.7 to find the Jordan

Canonical Form of the following matrices.

0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

Let A = Js(0)* =

Solution: Note that I; = 4 — Rank(4 — OI) = 2. So, there are two Jordan
blocks. Also, I,= Rank(4 — 01) — Rank((4 — 01)2) = 2. So, there are at
least 2 Jordan blocks of size 2. As there are exactly two Jordan blocks,
both the blocks must have size 2. Hence, Jordan CF(A) = J2(0) & J2(0)

0 1 1
0 0 1
0 0 0

Let Al =

= = =

Notes
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Solution: Let B= A1 — I. Then, I;= 4 — Rank(B) = 1. So, B has exactly

one Jordan block and hence A1l is similar to j4(1)

3. - -
1 1 01
0111
As = | .
0010
00 01

Solution: Let C=A2 — I. Then, I;= 4 — Rank(C) = 2. So, C has exactly
two Jordan blocks. Also, l,= Rank(C) —Rank(C2) = 1 and l;= Rank(C2)
—Rank(C3) = 1. So, there is at least 1 Jordan blocks of size 3.

Thus, we see that there are two Jordan blocks and one of them is of size
3. Also, the size of the matrix is 4. Thus, A2 is similar to J3(1) & J1(1).
4. Let A =J4(1)> @ Al @ A2, where Al and A2 are given in the previous
exercises.

Solution: One can directly get the answer from the previous exercises as
the matrix A is already in the block diagonal form. But, we compute it
again for better understanding.

LetB=4 —I. Then,

I,=16 — Rank(B) =5,

I,= Rank(B) — Rank(B2) = 11 — 7 = 4,

Is= Rank(B2) — Rank(B3) =7 — 3 =4 and

I,= Rank(B3) — Rank(B4) =3 - 0=3.

Hence, J4(1) appears thrice (as I,= 3 and Is= 0), J3(1) also appears once
(as Is— 1,= 1),

J2 (1) does not appear as (as lI,— 1s= 0) and J1(1) appears once (as I;— l,=
1). Thus, the required result follows.

Theorem 11.3.2. [A is similar to AT] Let A € M,(C). Then, A is similar
to A,

Proof. Let

!

K, = e .
1

Then, observe that K * = K and KJn(2)K = Jn(a)" , as the (i, j)-th entry of
Agoesto (n — i+ 1, n—j+ 1)-th position in KAK. Hence
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[EB f{n,] [EB .,f,i,u.ﬂ-}} [@Km] - [@.f,,imi}]'r.

Thus, J is similar to J7. But, A is similar to J and hence A" is similar to J"
and finally we get A is similar to A" . Therefore, the required result

follows.

11.4 MINIMAL POLYNOMIAL

We start this section with the following definition. Recall that a
polynomial p(x) = ag + a;x +

-+« + apX" with a, = 1 is called a monic polynomial.

Definition 11.4.1. [Companion Matrix] Let P (t) = t"+ a, 1 t" '+ - - +
ag be a monic

polynomial in t of degree n. Then, the n x n matrix

0 0 0 - 0 =—ap |

1 0 0 cee —a]

0 1 0 T | —a9

A=

0 o0 :

00 0 - 0 —a,_s
0 0 0 1 —ap—1]

denoted A(n : ay, . . ., a,-1) or Companion(P ), is called the companion

matrix of P (t).

Definition 11.4.2. [Annihilating Polynomial] Let A € M,(C). Then, the
polynomial P (t) is said to annihilate (destroy) A if P (A) = 0.

Let P (x) be the characteristic polynomial of A. Then, by the Cayley-
Hamilton Theorem, P (A) = 0. So, if f(x) = P (x)g(x), for any multiple of
g(x), then f(A) = P (A)g(A) = 0g(A) = 0. Thus, there are infinitely many
polynomials which annihilate A. In this section, we will concentrate on a
monic polynomial of least positive degree that annihilates A.

Definition 11.4.3. [Minimal polynomial] Let A € M(C). Then, the
minimal polynomial

of A, denoted ma(x), is a monic polynomial of least positive degree

satisfying ma(A) = 0.
61




Notes

62

Theorem 11.3.4. Let A be the companion matrix of the monic polynomial
P (t) = t"+a, 1 t" '+

-+ -+ ag. Then, P (t) is both the characteristic and the minimal
polynomial of A.

Proof. Expanding det(tl, — Companion(P )) along the first row, we have

det(tl, — A(n : &g,...,8,-1)) = tdet(t L1 — A(n — 1: ay,...,a,-1)) + (—1)™*
a.o(_l)”71

=t det(tl, o — A(n — 2 : @y,...,a,-1)) + @ + ast
=P ().

Thus, P (t) is the characteristic polynomial of A and hence P (A) = 0.
We will now show that P (t) is the minimal polynomial of A. To do so,
we first observe that
Aei =ey,...,Ae,—1=¢€,. That is,

A¥e; = ey, forl<k<n-1.

(1)

Now, Suppose we have a monic polynomial Q(t) =t" + b, 1 t" '+ ... +

bo, with m < n, such that Q(A) = 0. Then, using Equation (1), we get

0=Q(A)e1=A"e; +b, (A" tes+ .- +hole; = eyt by rem+ -+
boe1, a contradiction to the linear independence of {e;,..., em+1} S {e1,...,
en}t
The next result gives us the existence of such a polynomial for every
matrix A. To do so, recall that the well-ordering principle implies that if
S is a subset of natural numbers then it contains a least element.
Lemma 11.4.5. [Existence of the Minimal Polynomial] Let A €
Mn(C). Then, there exists a unique monic polynomial m(x) of minimum
(positive) degree such that m(A) = 0. Further, if f(x) is any polynomial
with f(A) = 0 then m(x) divides f(x).
Proof. Let P (x) be the characteristic polynomial of A. Then, deg(P (x))
= n and by the Cayley-Hamilton Theorem, P (A) = 0. So, consider the set
S = {deg(f(x)) : f(x) is a nonzero polynomial, f(A) = 0}.
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Then, S is a non-empty subset of N as n €S. Thus, by well-ordering

principle there exists a smallest positive integer, say M, and a
corresponding polynomial, say m(x), such that

deg(m(x)) = M, m(A) = 0.

Also, without loss of generality, we can assume that m(x) is monic and
unique (nonuniqueness will lead to a polynomial of smaller degree in S).
Now, suppose there is a polynomial f(x) such that f(A) = 0. Then, by
division algorithm, there exist polynomials g(x) and r(x) such that f(x) =
m(x)q(x) + r(x), where either r(x) is identically the zero polynomial of
deg(r(x)) <M = deg(m(x)). As

0 =1(A) =m(A)q(A) + r(A) = 0q(A) + r(A) = r(A),
we get r(A) = 0. But, m(x) was the least degree polynomial with m(A) =0
and hence r(x) is the zero polynomial. That is, m(x) divides f(x).
As an immediate corollary, we have the following result.
Corollary 11.4.6. [Minimal polynomial divides the Characteristic
Polynomial] Let ma(x) and Pa(X) be, respectively, the minimal and the
characteristic polynomials of A € M,(C).
1. Then, ma(x) divides Pa(X).
2. Further, if A is an eigenvalue of A then ma(A) = 0.
Proof. The first part following directly from Lemma 11.3.5. For the
second part, let (A, X) be an
eigen-pair. Then, f(A)x = f(A)x, for any polynomial of f, implies that

ma(A)x = ma(A)x = 0x = 0.

But, X # 0 and hence ma(2) = 0. Thus, the required result follows. We
also have the following result.

Lemma 11.4.7. Let A and B be two similar matrices. Then, they have the
same minimal polynomial.

Proof. Since A and B are similar, there exists an invertible matrix S such
that A = S”* BS. Hence, f(A) = F (S BS) = S f(B)S, for any
polynomial f. Hence, mA(A) = 0 if and only if ma(B) = 0 and thus the

required result follows.
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i=1 !':1 t=1 i

Theorem 11.3.8. Let A e M,(C) and let 1, . . ., Ak be the distinct
eigenvalues of A. If ni is the size of the largest Jordan block for Ai in J =
Jordan CFA then

A.'

ma(r) = H{.rr — i)™,

i=1

Proof. Using 11.3.6, we see that
k
mal ]_[ T— N ),

for some ai’s with 1 <ai <Alg.MULZ;(A). As ma(A) =0, using Lemma
11.3.7 we have
k
ma(J) = T] (J— N1 = 0.

=1
But, observe that for the Jordan block J,,,(4) , one has
L. (Jn, () — Ail)* = 0 if and only if “ > n;, and
2. (Jn,,(lm) — Zil)™ is invertible, for all m # i.
Thus

.I‘ )‘l ny
l

k k k k
[T(J=XI)™ =0and [[(z— XN)™ divides [](z — X)™ = ma(z) and

is a monic polynomial, the result follows. As an immediate consequence,
we also have the following result which corresponds to the converse of
the above theorem.

Theorem 11.4.9. Let A € Mi,(C) and let A1, . . ., Ak be the distinct
eigenvalues of A. If the minimal polynomial of A equals [T, (x — &)™
then n; is the size of the largest Jordan block for Ai in J = Jordan CFA.
Proof. It directly follows from Theorem 11.3.8.

We now give equivalent conditions for a square matrix to be
diagonalizable.

Theorem 11.4.10. Let A € M,(C) Then, the following statements are
equivalent.

1. Alis diagonalizable.

2. Every zero of mA(X) has multiplicity 1.

3. Whenever mA(a) = 0, for some a, then %mA(xNX:a # 0.




Proof. Part 1 = Part 2. If A is diagonalizable, then each Jordan block in J
= Jordan CFA has size 1. Hence, by Theorem 11.3.8, ma(x) =

]_[ﬁ‘=1 (x—A4i), where Ai’s are the distinct eigenvalues of A.

Part 2 = Part 3. Let ma(x) = [T, (x — Ai), where 1i’s are the distinct
eigenvalues of A. Then, mA(x) = 0 if and only if x = 4i, for some i, 1 <i <
k. In that case, it is easy to verify that %mA (x) # 0, for each Ai.

Part 3 = Part 1. Suppose that for each « satisfying ma(a) = 0, one has
%mA (a) #0.

Then, it follows that each zero of ma(x) has multiplicity 1. Also, using
Corollary 11.3.6, each zero of ma(x) is an eigenvalue of A and hence by
Theorem 7.2.8, the size of each Jordan block is 1. Thus, A is
diagonalizable.

We now have the following remarks and observations.

Remark 11.4.11. 1. Let f(x) be a monic polynomial and A =
Companion(f) be the companion matrix of f. Then, by Theorem 11.3.4)
f(A) = 0 and no monic polynomial of smaller degree annihilates A. Thus
PA(X) = mA(x) = f(x), where PA(X) is the characteristic polynomial and

mA(X), the minimal polynomial of A.

2. Let A € Min(C). Then, A is similar to Companion(f), for some monic
polynomial f if and only if ma(x) = f(x).

Proof. Let B = Companion (f). Then, using Lemma 11.3. 7, we see that
ma(X) = mg(X). But, by Remark 11.3.11.1, we get mg(x) = f(x) and hence
the required result follows.

Conversely, assume that mA(x) = f(x). But, by Remark 11.3.11.1, mg(X)
= f(x) = Pg(x), the characteristic polynomial of B. Since mA(x) = mB(X),
the matrices A and B have the same largest Jordan blocks for each
eigenvalue A. As PB = mB, we know that for each A, there is only one
Jordan block in Jordan CFB. Thus, Jordan CFA = Jordan CFB and hence

A is similar to Companion ().

Check your progress
3. Define Jordan canonical form

Notes
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4. Explain --Minimal polynomial divides the Characteristic Polynomial

11.5 LET’S SUM UP

The Jordan canonical form is convenient for computations. In particular,
matrix powers and exponentials are straightforward to compute once the

Jordan canonical form is known.

11.6 KEYWORDS

1. Linear Substitution--- The method of solving "by substitution™ works

by solving one of the equations (you choose which one) for one of the

variables (you choose which one), and then plugging this back into the
other equation, "substituting” for the chosen variable and solving for the
other.

2. Canonical form — In mathematics and computer science, a canonical,

normal, or standard form of a mathematical object is a standard way of

presenting that object as a mathematical expression

3. well-ordering principle - The well-ordering principle is a property
of the positive integers which is equivalent to the statement of
the principle of mathematical induction.

4. Polynomial — is an expression consisting of variables (also called
indeterminates) and coefficients, that involves only the operations of
addition, subtraction, multiplication, and non-negative integer
exponents of variables

5. Monic -- a monic polynomial is a single-variable polynomial (that is,
a univariate polynomial) in which the leading coefficient (the

nonzero coefficient of highest degree) is equal to 1.

11.7 QUESTION FOR REVIEW

1. Fix a positive integer k and a complex number A. Then, prove that (a)

Rank(Jk(r) — ATk) =k — 1.




Notes
2. Let J be a Jordan matrix that contains ' Jordan blocks for A. Then,

prove that
(@ Rank(J —Al) =n-—".

0 1 1 0 1 2
3.Convert|0 0 1[toJ3(0)andf0 0 0ftoJ2(0) &J1(0).
0 0 O 0 0O

4. Find A™. Can you find a formula for A*for any positive integer k,

where

3 —1
a=(s 0)
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11.9 ANSWER TO CHECK YOUR
PROGRESS

1. Provide definition and example—11.1.2
2. Provide statement of theorem and proof — 11.1.8
3. Provide definition and explanation — 11.2.1

4. Provide statement of corollary and prrof- 11.3.6
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UNIT 12: BILINEAR FORMS

STRUCTURE

12.0 Objective

12.1 Introduction

12.2 Concepts

12.3 Matrix Representation Of Bilinear Forms
12.4 Change Of Base

12.5 Positive Definite
12.6 Geometry Associated To A Positive Form

12.7 Bilinear Forms Over A Complex Vector Space
12.8 Let’s sum up

12.9 Keywords

12.10 Questions for review

12.11 Suggested Readings

12.12 Answers to Check Your Progress

12.0 OBJECTIVE

Understand the basic concept involved in Bilinear forms
Understand the Matrix Representation of Bilinear Forms
UNDERSTAND Change of Base and positive definite

Comprehend the Geometry Associated To A Positive Form and Bilinear

forms over a complex vector space

12.1 INTRODUCTION




In mathematics, a bilinear form on a vector space V is a bilinear

map V x V — K, where K is the field of scalars. In other words, a bilinear
formis a function B : V x V — K that is linear in each argument
separately On a complex vector space, a bilinear form takes values in
the complex numbers. In fact, a bilinear form can take values in

any vector space, since the axioms make sense as long as vector

addition and scalar multiplication are defined.

12.2 CONCEPTS

12.2.1Dot Product Definition : Let X, Y € R" then we define

(X Y)=XY =Xy +XoYp + -+ + XY,

The important features of the dot product are: Bilinearity

(X + X)) Y)=(Xa-Y)+(X2-Y)

(X (Ya+Y2)) = (X Y1) + (X Y3)

(X -Y)=c(X-Y)=(X-cY)

Symmetry (X - Y )= (Y - X)

Positivity X #0 = (X - X) >0

Notice that bilinearity says that if we fix one element of the dot product
then (—- Y ) : R" —Ris a linear transformation. And it is this property
which we will focus on first.

12.2.2 Bilinear Forms. Let V be a vector space over F. We define a
bilinear form to be a function f : V' xJ— F such that

(W1, vo, w €V )f(vy + Vo, W) = f(vy, W) + f(v2, W)

(W, wy, Wy €V)f(v, wy + wy) = f(v, wy) + f(v, wy)

(W, w eV, c eF)f(cv, w) = cf(v, w) =f(v, cw)

We will often use the notation (v, w) for f(v, w). A typical example of a
bilinear form is the dot product on R". We shall usually write

(x, y)instead of f(x, y) for simplicity and we shall also identify each 1 x 1
matrix with its unique entry.

12.2.3 Symmetric Bilinear Form Definition: We say a bilinear form

(,) is Symmetric if

(W, w)(v,w)=(w,v)

12.2.4 Skew-Symmetric Bilinear Form Definition:

Notes
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We say a bilinear form (, ) is Skew-Symmetric if

(W) (v,v)=0
Lemma 12.2.5 Let V be a vector space over a field F of characteristic #
2. Let (,) be a bilinear form on V . Then (, ) is skew-symmetric if and only
if

(W, weV){(v,w)=—(w.v)

Proof. =: Well we then know that

Olv+w.v+w)= (v,v)+ {(w,w)+ (v,w) + (w,v)
= (v.w) + (w, v)

So we have 0 = (v, w) + (w,v) and hence (v, w)= —(w, v)
<: Well we then know that (v, v) = —(v, v)and so 2 (v, v)= 0. So either 2
=0 or (v, v)=0. But we are assuming that the characteristic isn’t 2 and
so we must have (v, v)= 0.
It is for this last part that we need the characteristic isn’t 2. In the case of
characteristic 2 we see that the condition that (v, w ) = —Aw, vi is the
same as saying that (, ) is symmetric because a = —a for all a. But, as we
will see there are in general skew symmetric matrices over fields of
characteristic 2 which are not symmetric.

Hence the above definition is the right one.

12.3 MATRIX REPRESENTATION OF
BILINEAR FORMS

The most common examples of bilinear forms are those which act on the
space F" of column vectors as follows.

Let A be an n x n matrix. Then.

(X,Y)=XAY
notice that this is a 1x1 matrix. The first thing we need to check is that

this is in fact a bilinear form.




Lemma 12.3.1. Let V an n-dimensional vector space over F and let X, Y
€ V be represented as column vectors relative to some basis. Further let
A be ann x nmatrix in F. Then hX, Y i = XtAY is a bilinear form.
Proof. We need to check the following.

< (XatXo), Y >= (Xo+Xo)'AY = (X{+X5)AY = (X AY )+( X5 AY) =

(X1, Y) + (X2, Y)

«X,(Y1+Y2)) = XA(Y1+Y2) = (XtAY1) + (X'AY2) =
(X,Y1) + (X, Y2)

scX, Y= (cXtAY) = (XAcY) =c(X,Y)=(X,cY)

And so in fact h, i is a linear transform. Now, given a finite dimension
vector space we want to show that any given bilinear form is of the
above form.

Bilinear forms have matrixes

Lemma 12.3.2. Let (, )be a bilinear form on V , a finite dimensional
vector space and lets let B = {b1,:--, bn} be a basis for V. Then there is
a matrix A such that (X, Y)= = X*AY where X, Y are considered column
vectors relative to the basis B.

Proof. We want to show that there is a matrix A such that

(Vi{x,yi @ € n} € F)(xy, %0 )P Ay, ¥ )
= (2 ienXibi, 2 ienyibi)

Well we know that any matrix we come up with will correspond to a
bilinear form. So in particular if we can come up with a matrix which
agrees with our bilinear form on the basis elements then the bilinear form
associated to the matrix must be the one we want.
Specifically what we need is A = (aij) where a;j= (vi, vj). Then by
bilinearity XtAY = hX, Y i for all vectors X, Y .
Definition 12.3.3 . We say that A = ({(bi, bj)) is the Matrix Associated to

the Bilinear form (, ) relative to the basis {b1,--, bn}.

Check your rporgress

1. Define Symmetric Bilinear Form & Skew Symmetric Bilinear Form

Notes
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2. What do you understand by Bilinear forms have matrixes?

12.4 CHANGE OF BASE

One of the most important questions regarding these matrixes is what
happens when we change bases. This leads us to the following theorem.
Theorem 12.4.1. Let A be the matrix associated to a bilinear form
(, )with respect to a basis. Then the matrixes which represent the same
form with respect to different basis are those of the form
QAQ' for some Q € GL,(F).

Proof. Let P be the element of GLn(F) which represents the linear
transformation which changes the base. So we have

* =PX,Y*=PYand hX, Yi=(X*Y") (as X, X*and Y, Y* are just
different representation of the same vectors)
We then know that

(X,Y) = X'AY = (P IXDAP XYY" = (X)YP 1)AP1Y*

But we also know that

(X,Y) = (X*,Y*) = (X*)'A*Y*
for A* the matrix representing the bilinear for relative to the new basis.
Hence letting Q = (P ~%)' we must have
A* = QAQ".

12.4.2 Dot product matrix:

Now lets consider what happens to the dot product if we change basis.
Recall that

(X-Y)=XY

And so we have that the matrix associated to the standard dot product is
just the identity matrix.

12.4.3 Orthogonal.

Recall that a matrix is said to be orthogonal if

PP=lorP ‘=P

Lemmal2.4.3.1 . If you change base relative to an orthogonal change of
base then the dot product is preserved.
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Proof. Let P be the orthogonal change of base. Well 1 is the matrix

associated with the identity so by previous theorems this means that the
matrix associated with the dot product under the new basis is
PHIPH=PYIP'=PP' =1

So changing the basis by an orthogonal matrix preserves the dot product.
Similarly we have

Lemma 12.4.3.2 The matrixes which represent the dot product are those
of the form PP'for P € GLn(R).

Proof. By previous theorem.

Recall the three conditions on the dot product which were important.
First off was Bilinearity. But this isn’t a helpful as we know that X'AY is
bilinear for every A. The next is symmetry. This is in fact useful.

12.4.4 Definition Symmetric Matrix. We say a matrix is symmetric if A
= Al

Lemma 12.4.4.1 A bilinear form is symmetric if and only if the matrix
associated to it is symmetric.

Proof. Symmetry is equivalent to
(X,Y) = X'AY = Y'AX = (Y,X)

but we have (Y!AX) = (Y'AX)' = X'A'Y because the transpose of a 1 x 1
matrix is itself.

Hence being a symmetric bilinear for is equivalent to

(VX, Y)X'AY = X'AtY
and this is equivalent to A = A,
The third condition is that (X - X) > 0 if X # 0 (Positivity).

12.5 POSITIVE DEFINITE:

Definition 12.5.1 :We call a bilinear form (,) on V Positive Definite if
(W eV, v£0)(v,v)>0
12.5.2 Orthonormal basis: Given a bilinear form (, ) on a vector space

V we say that two vectors v, w €V are orthogonal (v L w) if (v,w) =0
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Let B =hvy, - -, vn; be a basis for V. We then say that B is an

orthonormal basis if

(Vi # j)v,v) =0

(Vi){v,v) =1
Lemma 12.5.3. If B is an orthonormal basis for V with respect to
(,) then the matrix associated to (,) relative to B is the identity.
Proof. Immediate. Now we are going to show that for any positive

definite bilinear form an orthonormal basis exists.

Orthonormal basis always exist for symmetric p
Theorem 12.5.4. Let (, ) be a positive definite symmetric bilinear form
on a finite dimensional vector space V . Then there is an orthonormal
basis for V
Proof. The method we are going to use is called the Gram-Schmidt
procedure We are going to start with a basis B = (vy,-- , Vp)
Step 1: The first step will be to normalize v1. Now we know that

(cvl, cvl) = c ?(vl,vl)

But, because we know that that (,) is positive definite,

(vl,v1)>0
and so we know phv1, v1i is a real number and hence if we let

wl=,/(vl,vl)vl
then we see that (w1, wl)>=1.
Step 2a: Now we want to look for a linear combination of v2, wl which
is orthogonal to wl. The value is

w=Vv2 - (v2,wl)wl
because
(w,wl) = (v2,wl)— (v2,wl) (wl,wl) = 0

Step 2b: Then normalize w and call that vector w2. Further (w1, w2, v3, .

.., Vvn)isabasisforV. -

Step k a: Suppose we have defined orthonormal vectors (wl, . . ., wk—1)
and that (w1, ..., wk—1, vk, ..., vn)is a basis.
Then we want to look for a linear combination of vk, wi, . . ., wk—1

which is orthogonal to wi for all i <k. The value is




Notes
w=vk — (vk,wl)wl + - - - + (vk,wk — 1 )wk—1

because
(w,wi )= (vk,wi )—(vk,wl) (wl,wi) + - -+(vk,wk — 1) {(wk — 1, wi)

But (wj,wi )=0if i #]j and (wj, wj )= 1 so we have

(w,wi ) = (vk,wi )— (vk,wi) (wi,wi )=0

Step kb: Then normalize w and call that vector wk. Further vk €
Span(wl, ..., wk, vk+1,...,vn)andso (wl,...,wk,vk+1,...,vn)isa
basis. Hence after iterating this process n times we see that (w1, ..., wn)
is an orthonormal basis for V . We then have the following theorem.
12.5.5 . The following are equivalent for a real n < n matrix

(1) A represents the dot product.

(2) There is an invertible matrix P € GLn(R) such

that A = P'P

(3) A is symmetric and positive definite.

Proof. We have already shown that (1) and (2) are equivalent.

Further, the fact that (1) — (3) is by virtue of the fact that the dot product
satisfies positivity and symmetry. So all that is left is to show that (3) —
(2). Well the first thing to notice is that if A is positive definite then so is
the form (X,Y)= X'AY . So in particular there is an orthonormal basis B’
with respect to (,) . Now we know then that with respect to the basis B'
the matrix associated to (,) is | (because B' is orthonormal). But at the
same time we know that if P is the matrix associated to the change of
base from B' to the standard basis of R" then

A =P 'A'P = P'P and so A satisfies (2).

12.6 GEOMETRY ASSOCIATED TO A
POSITIVE FORM

Suppose we have a bilinear form (,) on a real vector space. Then, it is

possible to define the length of a vector as follows.
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Euclidian space Definition 12.6.1. Letv eV and let(,) bea

positivedefinite bilinear form. Then we can define

lv| = y{v,v)
We often call a real vector space with a length a Euclidian space
Lemma 12.6.2. Let (,) be a positive definite bilinear form on a real
vector space V . Then we have
(Schwarz Inequality) [(v,w)| <|v| - ||
(Triangle Inequality) [v + w| <|v| + |w|
Now given a subspace of W we have that Restriction.
Lemma 12.6.3. Let V be a vector space and (,) a bilinear formon V .
Then if W € V is a subspace then (,) restricts to a bilinear form on h,i.
Further if h,i is positive definite or symmetric on V then (,) is positive
definite or symmetric on W
12.6.4 Inner product: An inner product on a real vector space V is a
bilinear form which is both positive definite and symmetric.
12.6.5Angles and length: Suppose that h ,i is an inner product on a real
vector space V . Then one may define the length of a vector v € V by

setting
lv]| = V{v,v)

and the angle 0 between two vectors v, w € V by setting

v, W
{:059:—( ) .
]| - ||wl]]

These formulas are known to hold for the inner product on R".

Then w1, w2 are orthogonal and have the same span as v1, v2.

Proceeding by induction, suppose wl, w2, . . ., wk are orthogonal and
have the same span as v1, v2, ..., vk. Once we then define
k
. (ﬁk—l-l! wi}
Wiy = vpgy = 3 LW
{ﬂ?f.-'-. w«.-‘)

=1




we end up with vectors wl, w2, . . ., wk+1 which are orthogonal and
have the same span as the original vectors vl, v2, . .., vk+1. Using the
formula from the last step repeatedly, one may thus obtain an orthogonal
basis w1, w2, . . ., wn for the vector space V.

Example: We find an orthogonal basis of R3, starting with the basis

1 1 1
1 1 3

1 1 0

ﬂg,wl} 2
Wy = 9 — un = 1{ —=10] = |1
<w1:w1> 1 2 1 0

Wa — Ve — {v3, w1) (v3, wy) ‘
T (ww) T (wswn)
1 11 0 —1
= |2| — % 0 — % If =1 0
3 1 0 1

12.7 BILINEAR FORMS OVER A
COMPLEX VECTOR SPACE

Bilinear forms are defined on a complex vector space in the same way
that they are defined on a real vector space. However, one needs to
conjugate one of the variables to ensure positivity of the dot product. The
complex transpose of a matrix is denoted by A* = At and it is also known

as the adjoint of A. One has x*x >0 for all x € C".

Notes

77




Notes

Bilinear forms on R" Bilinear forms on C"
Linear in the first variable Conjugate linear in the first variable
(u+v,w) = (u,w) + (v, w) (u+v,w) = (u,w) + (v,w)
(A, v) = A (u,v) (M, v) = X (u,v)
Linear in the second variable Linear in the second variable
(x,y) = ' Ay for some A (x,y) = x* Ay for some A
Symmetric, if A'= A Hermitian, if A*= A
Symmetric, if a;; = a;; Hermitian, if a;; = @;j;

Check your progress
3. What is symmetric bilinear form?

4. Explain Orthonormal basis always exist for symmetric p

12.8 LET’S SUM UP

These theories also have interesting applications in classical coding
theory. As mentioned above, the main difference lies in the structure of
the underlying association schemes, which makes the analysis

considerably more difficult in the case of symmetric bilinear forms.

12.9 KEYWORDS

1. Vector Space - A vector space (also called a linear space) is a
collection of objects called vectors, which may be added together

and multiplied ("scaled") by numbers, called scalars.
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2. Transpose matrix - In linear algebra, the transpose of a matrix is an

operator which flips a matrix over its diagonal, that is it switches the
row and column indices of the matrix by producing another matrix

3. Complex Matrix : A square complex matrix whose transpose is
equal to the matrix with every entry replaced by its complex
conjugate (denoted here with an overline) is called a Hermitian
matrix (equivalent to the matrix being equal to its conjugate
transpose);

4. Span - In linear algebra, the linear span (also called the linear hull or
just span) of a set S of vectors in a vector space is the smallest linear

subspace that contains the set.

12.10 QUESTION FOR REVIEW

1. Prove that the sum of two bilinear forms is a bilinear form
2. Prove that the product of scalar and bilinear form is a bilinear form.

3. Explain Bilinear forms over a complex vector space

12.11 SUGGESTED READINGS

+ K. Hauffman and R. Kunz, Linear Algebra, Pearson Education
(INDIA), 2003.

+ G. Strang, Linear Algebra And Its Applications, 4th Edition,
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+ S. Lang, Linear Algebra, Springer, 1989.

+ David S. Dummit and Richard M. Foote, Abstract Algebra (3e),
John Wiley and Sons.

+ R. Gallian Joseph, Contemporary Abstract Algebra, Narosa
Publishing House.

+ Thomas Hungerford, Algebra, Springer GTM.

+ |.N. Herstein, Topics in Abstract Algebra, Wiley Eastern Limited.
+ D.S. Malik, J.M. Mordesen, M.K. Sen, Fundamentals of Abstract
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12.12 ANSWER TO CHECK YOUR
PROGRESS

1. Provide definition and example—12.1.3 & 12.1.4
2. Provide statement of lemma and proof — 12.2.2
3. Provide statement of theorem and proof —12.3.4.1

4. Provide statement of theorem and proof—12.4.4
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UNIT 13: ANNIHILATING
POLYNOMIALS & DECOMPOSITION
-1

STRUCTURE

13.0 Objective

13.1 Introduction

13.2 Concepts

13.3 Annihilating Polynomials

13.4 Cayley-Hamilton Theorem

13.5 Simultaneous Triangulation And Simultaneous Diagonalization
13.6 Let’s sum up

13.7 Keywords

13.8 Questions for review

13.8 Suggested Readings

13.10 Answers to Check Your Progress

13.0 OBJECTIVE

e Know about the polynomials over the field F, the degree of
polynomial, monic polynomial, annihilating polynomials as well as
minimal polynomials.

e Understand that the linear operator is annihilated by its characteristic
polynomial.

e Understand that we consider all monic polynomials with coefficients
in F and the degree
of the minimal polynomial is the least positive integer such that a
linear relation is

obtained annihilated.
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e Know the structure of the triangular form of a matrix of a linear
operator T on a space V
over the field F.

e Understand that we can diagonalize two or more commuting matrices
simultaneously.

e Know that the matrix of a linear operator T commutes with that of a

polynomial of a linear operator T.

13.1 INTRODUCTION

In this unit we investigate more properties of a linear transformation. We
define certain terms like monic polynomial, minimal polynomial as well
as annihilating polynomial and characteristic polynomial. It is seen that
the theorem of Cayley-Hamilton in this unit helps us in narrowing down
the reach for the minimal polynomials of various operators.In this unit
we are again exploring the properties of a linear operator on the spaceV
over the field F. In an upper triangular or lower triangular matrix the

elements in the diagonal are the characteristic values.

13.2 CONCEPTS

13.2.1 Polynomial Over F: Let F(x) be the subspace of Fn spanned by

vectors 1, x, X2..... An element of F(x) is called a polynomial over F.

13.2.2 Degree of a Polynomial: F(x) consists of all (finite) linear
combinations of x and its powers. If f is a non-zero polynomial of the

form

fzfnxn+flx+fle+...+ ”x.'l

such that f, # 0 and n > 0 and f, = O for all integers k > n; this integer is
obviously unigue and is called the degree of f.

The scalars fy, f1, fo, ....f, are sometimes called the coefficients of f in the
field F.




13.2.3 Monic Polynomial: A polynomial f (x) over a field F is called
monic polynomial if the coefficient of highest degree term in it is unity
ief,=0

13.2.4 Annihilating Polynomials: Let A be n n matrix over a field F and
f(x) be a polynomial over F. Then if f(A) = 0. Then we say that the
polynomial f(x) annihilates the matrix A.

13.3 ANNIHILATING POLYNOMIALS

It is important to know the class of polynomials that Annihilate T.
Suppose T is a linear operator on V, a vector space over the field F. If p
is a polynomial over F, then p(T) is again a linear operator on V. If q is

another polynomial over F, then

(p+q) (T) =p(T) +q(T)
(pg) (T)=p (T) g (T)

Therefore, the collection of polynomials p which annihilate T, in the
sense that
p(T)=0,
is an ideal in the polynomial algebra F[x]. It may be the zero ideal, i.e., it
may be that T is not annihilated by any non-zero polynomial. But, that
cannot happen if the space V is finite dimensional.
Suppose T is a linear operator on the n-dimensional space V. Look at the
first (n2 + 1) powers of T:
|, T, T% T"
This is a sequence of n? + 1 operators in L(V, V), the space of linear
operators on V. The space L(V, V,) has dimension n®. Therefore, that
sequence of n” + 1 operators must be linearly dependent. i.e., we have
cl +¢,T+-+¢,T" =0
for some scalars c; not all zero. So, the ideal of polynomials which
annihilate T contains a nonzero polynomial of degree n® or less.
Definition 13.3.1 . Let T be a linear operator on a finite-dimensional

vector space V over the field F. The minimal polynomial for T is the
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(unigue) monic generator of the ideal of polynomials over F which
annihilate T.

The name ‘minimal polynomial’ stems from the fact that generator of a
polynomial ideal is characterized by being the monic polynomial of
minimum degree in the ideal. That means that the minimal polynomial p
for the linear operator T is uniquely determined by these three properties:
1. p is a monic polynomial over the scalar field F.

2.p(T)=0

3. No polynomial over F which annihilates T has smaller degree than p
has.

If Aan n X n matrix over F, we define the minimal polynomial for A in
an analogous way, as the unique monic generator of the ideal of all
polynomials over F which annihilate A. If the operator T is represented
in some ordered basis by the matrix A, then T and A have the same
minimal polynomial. That is because f(T) is represented in the basis by
the matrix f(A) so that f(T) = 0 if and only if f(A) = 0.

From the last remark about operators and matrices it follows that similar
matrices have the Notes same minimal polynomial. That fact is also clear
from the definitions because

f(P'AP) = P f(A)P

for every polynomial f. There is another basic remark which we should
make about minimal polynomials of matrices.

Suppose that A is an n n matrix with entries in the field F. Suppose that
F1 is a field which contains F as a subfield. (For example, A might be a
matrix with rational entries, while F1 is the field of real numbers. Or, A
might be a matrix with real entries, while F1 is the field of complex
numbers.) We may regard A either as an n n matrix over Forasannn
matrix over F1. On the surface, it might appear that we obtain two
different minimal polynomials for A. Fortunately that is not the case; and
we must see why. What is the definition of the minimal polynomial for
A, regarded as an n n matrix over the field F? We consider all monic
polynomials with coefficients in F which annihilate A, and we choose the

one of least degree. If f is a monic polynomial over F:




k=1

f=x+ n'jx" (1)

j=0
then f(A) = 0 merely says that we have a linear relation between the

powers of A:

A +a A"+t A+al=0 . (2)

The degree of the minimal polynomial is the least positive integer k such
that there is a linear relation of the form (2) between the powers I, A, .
..« A* Furthermore, by the uniqueness of the minimal polynomial, there
is for that k one and only one relation of the form (2); i.e., once the
minimal k is determined, there are unique scalarsaa01l1,, ---KinF
such that (2) holds. They are the coefficients of minimal polynomial.
Now (for each k) we have in (2) a system of n? linear equations for the
‘unknowns’ag , , . ---ak_1 Since the entries of A lie in F, the coefficients
of the system of equations (2) are in F. Therefore, if the system has a
solutionwithaaO1,, --- kinFlithasasolutionwithaa01,,---Kin
F. It should now be clear that the two minimal polynomials are the same.
What do we know thus far about the minimal polynomial for a
linearoperator on an n-dimensional space? Only that its degree does not
exceed n2. That turns out to be a rather poor estimate, since the degree
cannot exceed n. We shall prove shortly that the operator is annihilated
by its characteristic polynomial. First, let us observe a more elementary
fact.

Theorem 13.3.2: Let T be a linear operator on an n-dimensional vector
space V [or, let A be an n n matrix]. The characteristic and minimal
polynomials for T [for A] have the same roots, except for multiplicities.
Proof. Let p be the minimal polynomial for T. Let ¢ be a scalar. What we
want to show is that p(c) = 0 if and only if c is a characteristic value of T.
First, suppose p(c) =0. Then p=(x-c)q

where q is a polynomial. Since deg q < deg p, the definition of the
minimal polynomial p tells us that g (T) # 0. Choose a vector 3 such that
q(T) B #0. Leta=q(T) B. Then
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0=p(T)B
=(T—cha(m)p
=(T-cla
and thus, c is a characteristic value of T. Now, suppose that c is a
characteristic value of T, say Ta = ca. with 0. So
p(T)a = p(C)a .
Since p(T) =0and a # 0, we have p(c) 0. Let T be a diagonalizable
linear operator and let ¢y, --- ¢ be the distinct characteristic values of
T. Then it is easy to see that the minimal polynomial for T is the

polynomial.

P=(X—-Cp) - (X—Ck).

If o Is a characteristic vector, then one of the operators T —cyl, ---, T —
ckl sends o into 0. Therefore

(T—cil), -, (T-c)a=0
for every characteristic vector o.. There is a basis for the underlying
space which consists of characteristic vectors of T; hence

p(M) =(T—cal), -+, (T—cl) =0

What we have concluded is this. If T is a diagonalizable linear operator,
then the minimal polynomial for T is a product of distinct linear factors.
As we shall soon see, that property characterizes diagonalizable
operators.
Check your progress

1. Define degree of Polynomial & Monic Polynomial

2. State the properties of Minimal Polynomial

13.4 CAYLEY-HAMILTON THEOREM

13.4.1 Theorem: Let T be a linear operator on a finite dimensional

vector space V. If f is the characteristic polynomial for T, then f(T) = 0;




Notes
in other words, the minimal polynomial divides the characteristic

polynomial for T.

Proof: The proof, although short, may be difficult to understand. Aside
from brevity, it has the virtue of providing an illuminating and far from
trivial application of the general theory of determinants. Let K be the
commutative ring with identity consisting of all polynomials in T. Of
course, K is actually a commutative algebra with identity over the scalar
field. Choose an ordered basis {au, ..., an} for V, and let A be the matrix

which represents T in the given basis. Then

These equations may be written in the equivalent form

Y (6, T-ADe, =0, 1<isn

=1

Let B denote the element of K™" with entries

'B: T-A,l -A,l
“Al T-ALl

and

detB = (T-A, ) T-ALl)-ALA,

= TQ - (Au +A:J_z }T+(AHALE - Allﬁ?_l”

=A1)

since f is the determinant of the matrix xI — A whose entries are the

polynomials () .

(xl - A); =8;x— A,
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We wish to show that f(T) = 0. In order that f(T) be the zero operator, it

is necessary and sufficient that (det B),x =0 fork =1,---, n. By the

definition of B, the vectors ay, --- a, satisfy the equations

EBIIU:}:D, 1<i<n. .. (3)
j=1

When n = 2, it is suggestive to write (3) in the form
T-A, -Ayl |a,| [0
-Al T-Al|la,| |0
In this case, the classical adjoint, adj B is the matrix

g_[T—Anl Al
ALl T—A,l

And

wal]
vy
I

detB 0O
0 detB I’

Hence, we have

el | - @[]

For each pair k, i, and summing on i, we have




Now B ~ B = (det B)I, so that
2 ' B,.B, =9, det B.
i 1

Therefore
_ E O I::Clet B] Cx, .
0 = ki J
i=1 r
= (det B), ;. 1=k =n.

The Cayley-Hamilton theorem is useful to us at this point primarily
because it narrows down the search for the minimal polynomials of
various operators. If we know the matrix A which represents T in some
ordered basis, then we can compute the characteristic polynomial f. We
know that the minimal polynomial p divides f and that the two
polynomials have the same roots. There is no method for computing

precisely the roots of a polynomial (unless its degree is small); however,

if f factors
f=(x—c)"(x—c)%Cy,C,, distinct, d;, =1 . (4)
p=(x—c) " (x-c)*, 1< <d, e (5)

That is all we can say in general. If f is the polynomial (4) and has degree
n, then for every polynomial p as in (5) we can find an n n matrix which
has f as its characteristic polynomial and p as its minimal polynomial.

We shall not prove this now. But, we want to emphasize the fact
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that the knowledge that the characteristic polynomial has the form (4)
tells us that the minimal polynomial has the form (5), and it tells us
nothing else about p.

Example: Let A be the 4 x 4 (rational) matrix

1
O
1

=OMC
HOKEO
oo

(8]

The powers of A are easy to compute

2020
. _|lo202
A 2020
020 2
040 4
. _laoao
1 040 4
40 40

Thus A3 = 4A, i.e., if p=x3—4x = x(x + 2) (x — 2), then p(A) = 0. The
minimal polynomial for A must divide p. That minimal polynomial is
obviously not of degree 1, since that would mean that A was a scalar
multiple of the identity. Hence, the candidates for the minimal
polynomial are: p, x(X + 2), Xx(x — 2), x> — 4. The three quadratic
polynomials can be eliminated because it is obvious at a glance that A?#
-2A, A’#£2A, A*#41 . Therefore p is the minimal polynomial for A. In
particular 0, 2, and — 2 are the characteristic values of A. One of the
factors x, X — 2, X + 2 must be repeated twice in the characteristic
polynomial. Evidently, rank (A) = 2. Consequently there is a two-
dimensional space of characteristic vectors associated with the
characteristic value 0. From Theorem 2, it should now be clear that the
characteristic polynomial is x? (x* — 4) and that A is similar over the field

of rational numbers to the matrix




O O O L)
O O O O
o o =2 O |
oo o0 —2

Example: Verify Cayley-Hamilton’s theorem for the linear
transformationT represented by the matrix A.

00 1
A — 310
—2 1 4

Solution: The characteristic polynomial is given by

0-x 0 1
A-x1| =| 3 1-x 0
2 1 4-x

=-x[(1-x)(4-x)]+(3+2-2x)
= —x(4—5x +x2)+5—2x
= —x*+5x -6x+5=0

filx) = ¥*-5x2+6x-5=0

Now

o 010 0O 21 4
A2=|3 103 10|=313
214|-21 -5 5 14
(21 470 01 -5 5 14
A>=|313|310|=|-3 415
5514 -2 14 -13 19 51

f(A) = A® —5A? + 6A - 51

[ -5 5 14 =10 5 20 0 0D e 500
= -3 4 15|—({ 15 5 15|+| 18 6 0 (-0 50
| —13 19 51 =25 25 14 =12 6 24 005
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where 0 being null matrix. So f(A) =0

=2 —1 1
A = —=2 2 /1
1 —1 2

13.5 SIMULTANEOUS TRIANGULATION
AND SIMULTANEQOUS
DIAGONALIZATION

Let V be a finite-dimensional space and let F be a family of linear
operators on V. We ask when we can simultaneously triangulate or
diagonalize the operators in F, i.e., find one basis B such that all of the
matrices [T]B, T in F, are triangular (or diagonal). In the case of
diagonalization, it is necessary that F be a commuting family of
operators: UT = TU for all T, U in F. That follows from the fact that all
diagonal matrices commute. Of course, it is also necessary that each
operator in F be a diagonalizable operator. In order to simultaneously
triangulate, each operator in F must be triangulable. It is not necessary
that F be a commuting family; however that condition is sufficient for

simultaneous triangulation (if each T can be individually triangulated).

The subspace W is invariant under (the family of operators) F if W is

invariant under each operator in F.

13.5.1 Lemma: Let F be a commuting family of triangulable linear
operator on V. Let W be a proper subspace of V which is invariant under

F. There exists a vector a in V such that

(@) aisnotin W;
(b) for each T in F, the vector Ta is in the subspace spanned by o and
W.

Proof: It is no loss of generality to assume that F contains only a finite

number of operators, because of this observation. Let {T1,...,Tn) be a




maximal linearly independent subset of F, i.e., a basis for the subspace
spanned by F. If a is a vector such that (b) holds for each Ti, then (b)
will hold for every operator which is a linear combination of T1,..., Tr.
We can find a vector B1 (not in W) and a scalar c1 such that (T — c11)B
isin W. Let V; be the collection of all vectors 3 in V such that (T, —
ci)B isin W. Then V; is a subspace of V which is properly larger than
W. Furthermore, V1 is invariant under F, for this reason. If T commutes
with T4, then

(T, - ¢ I)(TB) = T(T, - c,I)B

If B isin V1, then (T1—cll)p isin W. Since W is invariant under each T
in F, we have T(Ty —cal)B in W, i.e., TBinV1, forall BinV1andall T
in F. Now W is a proper subspace of V1. Let U2 be the linear operator
on V1 obtained by restricting T2 to the subspace V1. The minimal
polynomial for U2 divides the minimal polynomial for T2. We obtain a
vector B2 in V1 (not in W) and a scalar c2 such that (T, — c,l) B2is in W.
Note that

(@) B2 isnotin W;

(b) (T1—cal)B2is in W;

(€) (To—cal)B2isin W.

Let V 2 be the set of all vectors § in V1 such that (T, — col)p isin W.
Then V2 is invariant under . Apply the restriction of T3 to V2. If we
continue in this way, we shall reach a vector a = 3, (not in W) such that

(Tj—cjhaisinW,j=1,..,r.

Theorem 13.5.2: Let V be a finite-dimensional vector space over the
field F. Let F be a commuting family of triangulable linear operators on
V. There exists an ordered basis for V such that every operator in @ is

represented by a triangular matrix in that basis.

Corollary 13.5.3: Let F be a commuting family of n x n matrices over
an algebraically closed field F. There exists a non-singular n x n matrix P
with entries in F such that P™* AP is upper-triangular, for every matrix A
inF.

Notes
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Theorem 13.5.4: Let F be a commuting family of diagonalizable linear
operators on the finitedimensional vector space V. There exists an
ordered basis for V such that every operator in @ is represented in that
basis by a diagonal matrix.

Proof: We could prove this theorem by adapting the lemma before
Theorem 1 to the diagonalizable case. However, at this point it is easier
to proceed by induction on the dimension of V.

If dim V =1, there is nothing to prove. Assume the theorem for vector
spaces of dimension less than n, and let V' be an n-dimensional space.
Choose any T in F which is not a scalar multiple of the identity. Let
cl,..., ck be the distinct characteristic values of T, and (for each i) let Wi
be the null space of T — c;l. Fix an index i. Then Wi is invariant under
every operator which commutes

with T.

Let Fi be the family of linear operators on Wi obtained by restricting the
operators in F to the (invariant) subspace Wi. Each operator in Fi is
diagonalizable, because its minimal polynomial divides the minimal
polynomial for the corresponding operator in F. Since dim Wi < dim V,
the operators in Fi can be simultaneously diagonalized. In other words,
Wi has a basis Bi which consists of vectors which are simultaneously
characteristic vectors for every operator in Fi.

Since T is diagonalizable, B = (B1,..., BK) is a basis for V. That is the

basis we seek.

If we consider finite dimensional vector space V over a complex field F,
then there is a basis such that the matrix of the linear operator T is
diagonal. This is due to the key fact that every complex polynomial of
positive degree has a root. This tells us that every linear operator has at

least one eigenvector.

From the theorem above we now have that every complex n x n matrix A
Is similar to an upper triangular matrix i.e. there is a matrix P, such that

P—1 AP is upper triangular.

Equally we also state that for a linear operator T on a finite dimensional




complex vector space V, there is a basis of V such that the matrix of T
with respect to that basis is upper triangular.

Let V contain an eigenvector of A, call it v1. Let be its eigen value. We
extend (v1) to a Basis = (v1, v2, ..., vn) for V. There will be a matrix P

for which the new matrix A = Pt A P has the block form.

where Disan (n—1) x (n— 1) matrix, isa 1 x 1 matrix of the restriction
of T to W (v1). Here O denotes n — 1 zeros below in the first column. By
induction on n, we may assume that there exists a matrix Q such that Q*

D Q is upper triangular. If we denote Q1 by the relation

then

is the upper triangular and thus

A"=(P Q) A(PQy.

Knowing one vector v corresponding to the characteristic value we can

find a linear operator P and then Q1 to find A" .
Check your progress

3. State the Cayley-HamiltonTheorem

4. Explain Simultaneous Triangulation and Simultaneous

Diagonalization

Notes
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13.6 LET’S SUM UP

In this unit certain terms related to linear operator T are defined, i.e., the
monic polynomial,bannihilating polynomials, minimal polynomials as
well as characteristic polynomials. With the help of Cayley-Hamilton
theorem it becomes easier to search for the minimal polynomials of
various operators. In this unit we are dealing with matrices that commute
with each other. In a triangular matrix the main diagonal has the entries
of the characteristic values and it has not zero entries in the upper part of
the diagonal only or non-zero entries in the lower of the main diagonal. If
two or more matrices commute then we can diagonalize them

simultaneously.

13.7 KEYWORDS

1. Annihilating Polynomial: Annihilating polynomial f(x) over the field
F is such that for a matrix

A of n n matrix over the field f(A) = 0, then we say that the polynomial
annihilates the matrix.

If a linear operator T is represented by the matrix then f(T) = 0 gives us
the annihilating polynomial

for the linear operator T.

2. Monic Polynomial: The monic polynomial is a polynomial f(x) whose
coefficient of the highest

degree in it is unity.

3. Diagonalizable: Each operator in F i is diagonalizable, because its
minimal polynomial divides

the minimal polynomial for the corresponding operator in F.

4. Ordered Basis: There exists an ordered basis for V such that every
operator in F is represented

by a triangular matrix in that basis.

13.8 QUESTION FOR REVIEW
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1. Let A be the following 3 3 matrix over F;

2 -11
A=|-212 -1
1 -1 2

Find the characteristic polynomial for A and also the minimal
polynomial for A.

2. Let A be the following 3 3 matrix over F;

137
A=423
121

Find the characteristic polynomial for A and also find the minimal
polynomial for A.

3. Find an invertible real matrix P such that P-1AP and P—-1BP are both
diagonal, where A and

B are the real matrices

=lo 2 m=lo 3

4.Let F be a commuting family of 3 x 3 complex matrices. How many
linearly independent

matrices can F contain? What about the n x n case?

13.9 SUGGESTED READINGS
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+ R. Gallian Joseph, Contemporary Abstract Algebra, Narosa
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13.10 ANSWER TO CHECK YOUR
PROGRESS

1. Provide definition 13.1.2 & 13.1.3
2. Provide 3 properties of minimal polynomial — 13.2.1
3. Provide statement of theorem — 13.3.1

4. Provide statement of theorem and proof related to concept— 13.4.




UNIT 14: ANNIHILATING
POLYNOMIALS & DECOMPOSITION
- 11

STRUCTURE
14.0 Objective

14.1 Introdcation

14.2 Direct-Sum Decompositions

14.3 Invariant Direct Sums

14.4 The Primary Decomposition Theorem
14.5 Let’s sum up

14.6 Keywords

14.7 Questions for Review

14.8 Suggested Readings

14.9 Answers to Check Your Progress

14.0 OBJECTIVE

e Understand the meanings of invariant subspaces as well as
decomposition of a vector

space into the invariant direct sums of the independent subspaces.
Know the projection operators and their properties

See that there is less emphasis is on matrices and more attention is given
to subspaces.

e See that the vector space V is decomposed as a direct sum of the
invariant subspaces under some linear operator T.

e Understand that the linear operator induces a linear operator Ti on
each invariant subspaces Wi by restriction.

e Know that if ai is the vector in the invariant subspace Wi then the

vector ai in the finite
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vector space V is obtained as a linear combinations of its projections ai
in the subspace Wi.

e considering a linear operator T on a finite dimensional space the
minimal polynomial for the linear operator is a product of a number of
irreducible monic polynomials pl.” over the field F where ri are positive
integers.

e Know that this structure of the minimal polynomial helps in
decomposing the space V as

the direct sum of the invariant subspaces Wi.

e Understand that the general linear operatorT induces a linear operator
Ti on Wi by restriction and the minimal polynomial for Ti is the

irreducible p;

14.1 INTRODUCTION

This unit and the next units are slightly more complicated than the other
previous units. The ideas of invariant subspaces and their relations with
the vector space V is obtained. The ideas of projection operators and
their properties are introduced. These ideas will help in expressing the
given linear operator T in terms of the direct sums of the operators T1j
TK as seen in the next unit. Here the vector space is decomposed as the
direct sum of the invariant subspaces Wi. The linear operator induces a
linear operator Ti for each invariant subspaces Wi. The method of
finding the projection operators and their properties is discussed. The
direct sum decomposition of the vector space V for a linear operator T in
terms of invariant subspaces. The general linear operator T induces a
linear operator Ti on the invariant subspace, the minimal polynomial of
Tiisthe pl.” This structure of the induced linear operator helps in
introducing the projection operators Ei. These projections associated
with the primary decomposition of T, then are polynomials in T, and they

commute each will an operator that commutes with T.

14.2 DIRECT-SUM DECOMPOSITIONS

14.1.1 Definition: Let W1,..., Wk be subspaces of the vector space V.
We say that W1,..., Wkare independent if




Notes
oart+..+to=0, aiin Wi

implies that each a; is 0. For k = 2, the meaning of independence is {0}
intersection, i.e., Wy and W, are independent if and only if W1 W2 =
{0}. If k > 2, the independence of W1,..., Wk says much more than W1
.. MWk = {0}. It says that each Wj intersects the sum of the other
subspaces Wi only in the zero vector.
The significance of independence is this. Let W = W1 + ... + WK be the
subspace spanned by W1,...,Wk. Each vector o in W can be expressed as
asum
a=oaq+ ...+ oy, a; in Wi.
If W1,..., Wk are independent, then that expression for o is unique; for if
o =Byt ...+ By, Biin W,

then 0 = (ot — B1) + ... + (o — PBk), hence o — Bi=0, 1 =1,..., k. Thus,
when Wy,..., Wy are independent, we can operate with the vectors in W
as k-tuples (al,..., ak), ai in Wi, in the same way as we operate with
vectors in R* as k-tuples of numbers.

14.2.2 Lemma: Let V be a finite-dimensional vector space. Let W1,...,
WK be subspaces of V and let W =W 1 + ... + Wk. The following are

equivalent.

(a) W1,..., Wk are independent.
(b) For each j, 2 <j <k, we have
Wj N (W1 + ...+ Wj-1) = {0}
(c) If Bi is an ordered basis for Wi, 1 <i <k, then the sequence B =
(B1,..., BK) is an ordered basis for W.
Proof: Assume (a). Let o be a vector in the intersection Wj (1 (W1 + ... +

Wij-1). Then there are vectors au,..., 01 With o; in Wjsuch that o = al +

... + aj1. Since

ot..tapt+t(-a)+0+..+40=0
and since W1, ..., Wk are independent, it must be that a1 = o, = ... = 01
=a=0.

Now, let us observe that (b) implies (a). Suppose

O=a=og+..+ o, ai in Wi
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Let j be the largest integer i such that ai = 0. Then

O=a=ou+..+a0 oj #0.
Thus oj = —oq — ... — a1 iS @ non-zero vector in Wj (1 (W1 + ... + Wj-1).
Now that we know (a) and (b) are the same, let us see why (a) is
equivalent to (c). Assume (a).
Let Bi be basis for Wi, 1 <i <Kk, and let B = (B1,..., BK). Any linear
relation between the vectors in B will have the form

Bl+..+pk=0

where Bi is some linear combination of the vectors in Bi. Since W1,..,
WKk are independent, each i is 0. Since each Bi is independent, the
relation we have between the vectors in B is the trivial relation. If any
(and hence all) of the conditions of the last lemma hold, we say that the
sum W =W1 + ... + Wk is direct or that W is the direct sum of W1,...,
WKk and we write
W=W1® - - ®Wk
In the literature, the reader may find this direct sum referred to as an
independent sum or the interior direct sum of W1,..., WKk.
Example 1: Let V be a finite-dimensional vector space over the field F

and let {al,..., an} be any basis for V. If Wi is the one-dimensional

subspace spanned by ai, thenV=W1® --- ® Wn.
Example 2: Let n be a positive integer and F a subfield of the complex
numbers, and let V be the space of all n x n matrices over F. Let W1 be
the subspace of all symmetric matrices, i.e., matrices A such that A' = A.
Let W2 be the subspace of all skew-symmetric matrices, i.e., matrices A
such that A'= —A. Then V = W1 @ W2. If A is any matrix in V, the
unique expression for A as a sum of matrices, one in W1 and the other in
W2, is

A=A + A,

A= %{A+A'}

I

1
A, = —(A-A"
La-an
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Example 3: Let T be any linear operator on a finite-dimensional space

V. Letcl,.., ck be the

distinct characteristic values of T, and let Wi be the space of
characteristic vectors associated withthe characteristic value c;. Then
W1,..., WK are independent. In particular, if T is diagonalizable, then V =
W1 .- ® Wk.

14.2.3 Definition: If V is a vector space, a projection of V is a linear
operator E on V such that E? = E. Suppose that E is a projection. Let R
be the range of E and let N be the null space of E.

1. The vector B is in the range R if and only if E = . If B = Eq,, then Ef
=E2a=Ea=.

Conversely, if B = Ep, then (of course) f is in the range of E.
2.V=R®N.

3. The unique expression for o as a sum of vectorsin Rand N is . = Ea
+ (a0 — Ea).

From (1), (2), (3) it is easy to see the following. If R and N are subspaces
of V such that V = R @ N, there is one and only one projection operator
E which has range R and null space N. That operator is called the
projection on R along N.

Any projection E is (trivially) diagonalizable. If {a1,..., ar} is a basis for
R and {ar+1,..., an} a basis for N, then the basis B = {al,..., an}

diagonalizes E.

r o
[E].[; = [U U:I

where | is the r % r identity matrix. That should help explain some of the
terminology connected with projections. The reader should look at
various cases in the plane R? (or 3-space, R%), to convince himself that
the projection on R along N sends each vector into R by projecting it
parallel to N.

Projections can be used to describe direct-sum decompositions of the

space V. For, suppose V =W1® --- @ WKk. For each j we shall define

an operator Ejon V. Let a be in V, say o = al + ---+ ok with ai in Wi.
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Define Ejo. = aj. Then Ej is a well-defined rule. It is easy to see that Ej is
linear, that the range of Ej is Wj, and that E2 j = Ej. The null space of Ej
is the subspace

(W1+ +Wj—1+ Wj+1+ +Wk)

for, the statement that E jo. = 0 simply means oj = 0, i.e., that a is
actually a sum of vectors from the spaces Wi with i # j. In terms of the
projection Ej we have

a=Eo+ - +E
for each a in V. What (1) says is that

I=E1+---+EK

Note also that if i # j, then EIEj = 0, because the range of Ej is the
subspace Wj which is contained in the null space of Ei. We shall now
summarize our findings and state and prove a converse.
Theorem 14.2.4: If V = W1 @ --- @ WK, then there exist k linear
operators E1,..., Ek on V such that
(i) each Ei is a projection (EZ = E;)
(i) EiEj =0, ifi # j;
(iii) I=E1 + --- + Ek;
(iv) the range of Ei is Wi.

Conversely, if E1,..., Ek are k linear operators on V which satisfy
conditions (i), (ii) and (iii), and if we let Wi be the range of Ei, then
V=Wi® - .- ®WKk.
Proof: We have only to prove the converse statement. Suppose E1,..., Ek
are linear operators on V which satisfy the first three conditions, and let
Wi be the range of Ei. Then certainly
V=W1+ - +WKk;
for, by condition (iii) we have
oa=Ela+ - +Eka
for each a in V, and Eja is in Wi. This expression for o is unique,
because if
a=og+ -+ ok

with a; in Wi, say a; = E;B;, then using (i) and (ii) we have
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This shows that V is the direct sum of the W
Check your progress

1. What is direct sum decomposition?

2. Define Projection

14.3 INVARIANT DIRECT SUMS

Theorem 14.3.1: Let T be a linear operator on the space V, and W1,...,
Wk and E1,..., EK .Then a necessary and sufficient condition that each
subspace Wi be invariant under T is that T commutes with each of the
projections Ei, i.e.,

TEi = EIiT, i=1,..,k
Proof: Suppose T commutes with each Ei. Let o be in Wj. Then Eja = a,
and
Toa=T(Eja)
=Ej(To)

which shows that Ta is in the range of Ej, i.e., that Wj is invariant under
T. Assume now that each Wi is invariant under T. We shall show that
TE; = E;T. Let a be any vector in V. Then

a=Ela+ ...+ Eka
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Toa=TEla + ... + TEKa

Since Eia is in Wi, which is invariant under T, we must have T(Eia) =

Eipi for some vector Bi. Then
E}.TEr.rx = E}.Er.ﬁj.

[0, if ixj
|EB;ifi=]

ETa=ETEa+..+ETEa
B EJ'BJ'

= TEja
This holds for each o in V, so EjT = TEj.
We shall now describe a diagonalizable operator T in the language of
invariant direct sum decompositions (projections which commute with
T). This will be a great help to us in understanding some deeper
decomposition theorems later. The description which we are about to
give is rather complicated, in comparison to the matrix formulation or to
the simple statement that the characteristic vectors of T span the
underlying space. But, we should bear in mind that this is our first
glimpse at a very effective method, by means of which various problems
concerned with subspaces, bases, matrices, and the like can be reduced to
algebraic calculations with linear operators. With a little experience, the
efficiency and elegance of this method of reasoning should become
apparent.
Theorem 14.3.2: Let T be a linear operator on a finite-dimensional space
V. If T is diagonalizable and if c1,..., ck are the distinct characteristic

values of T, then there exist linear operators E1,..., Ek on V such that

(1)) T=ciE; + ... + ckEy;

(i) 1="E1+ .. + Eg

(iii) EIE; = 0, i = ;

(iv) E2=E; (Ei is a projection);

(v) the range of Ei is the characteristic space for T associated with ci.
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Conversely, if there exist k distinct scalars c1,..., ck and k non-zero linear
operators E1,..., Ek which satisfy conditions (i), (ii), and (iii), then T is
diagonalizable, c1,..., ck are the distinct characteristic values of T, and
conditions (iv) and (v) are satisfied also.
Proof: Suppose that T is diagonalizable, with distinct characteristic
values cl,..., ck. Let Wi be the space of characteristic vectors associated
with the characteristic value ci. As we have seen, V = W1® ... ® Wk
Let E1,...,Ek be the projections associated with this decomposition. Then
(i), (i), (iv) and (v) are satisfied. To verify (i), proceed as follows. For
each a in V,
a=Ea+..+Ew
and so
Ta=TEja + ... + TExa
=cEja + ... + ckExa
In other words, T = c1E1 + ... + ckEK.
Now suppose that we are given a linear operator T along with distinct
scalars ci and non-zero operators Ei which satisfy (i), (ii) and (iii). Since
EiEj = 0 when i # j, we multiply both sides of | = E1 + ... + Ek by E;and
obtain immediately EZ= E;. Multiplying T = ¢1E; + ... + ckEx by Ei, we
then have TE; = ciE;, which shows that any vector in the range of Ei is in
the null space of (T —cil). Since we have assumed that Ei = 0, this proves
that there is a non-zero vector in the null space of (T —cil), i.e., that ci is
a characteristic value of T. Furthermore, the ci are all of the characteristic
values of T; for, if c is any scalar, then
T-cl=(c;—C)Ey +... +(ck—C)Ex
so if (T —cl)a. = 0, we must have (ci — ¢)Eja = 0. If o is not the zero
vector, then Ei o= 0 for some i, so that for this i we have ¢; — ¢ = 0.
Certainly T is diagonalizable, since we have shown that every non-zero
vector in the range of Ei is a characteristic vector of T, and the fact that |
= E; + ... + Ex shows that these characteristic vectors span V. All that
remains to be demonstrated is that the null space of (T —¢;l) is exactly

the range of Ei. But this is clear, because if Ta = cja, then

&
Zf‘f; —'f.-:l-E_f'l'j'L =0 Hence

F=1

Notes
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(cj—ci)Eja=0 for each j
and then

Eja =0 =1

Since oo = Ela + ... + EKa, and Eja. = 0 for j # i, we have a = Eia, which
proves that a is in the range of Ei. One part for a diagonalizable operator
T, the scalars c1,..., ck and the operators E1,..., EK are uniquely
determined by conditions (i), (ii), (iii), the fact that the ci are distinct, and
the fact that the Ei are non-zero. One of the pleasant features of the
decomposition T = ¢1E; + ... + ckEx is that if g is any polynomial over the
field F, then

g(T) = g(c1)E1 + ... + g(ck)EK.
To see how it is proved one need only compute T' for each positive

integer r. For example,
L &
T = E c. E, E c;E;
i=1 =1
L LS

= Z 1 c,c,E.E,

E=T1 jJ=

A
J— =2 2
= E ErEf
=1
&
2
= E il S

=1
g(A) is simply the diagonal matrix with diagonal entries g(A11), ...,

g(Ann). We should like in particular to note what happens when one
applies the Lagrange polynomials corresponding to the scalars c1,..., ck:

PJ, = l_[ ('T_L-J'}

i#] [Ej —C; ]

We have pj(ci) = dij, which means that

P_,-[T} = ZEJ}EE

= E.

T
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Thus the projections Ej not only commute with T but are polynomials in
T. Such calculations with polynomials in T can be used to give an
alternative proof of Theorem 2 of unit 14, which characterized
diagonalizable operators in terms of their minimal polynomials. The

proof is entirely independent of our earlier proof.

If T is diagonalizable, T = c,E; + ... + ckEk, then
g(T) =g(cl)E1 + ... + g(ck)Ek

for every polynomial g. Thus g(T) = 0 if and only if g(ci) = O for each i.
In particular, the minimal polynomial for T is

p=(X—C1)..(X—Ck)
Now suppose T is a linear operator with minimal polynomial p = (x —c1)
... (x—ck), where c1,..., ck are distinct elements of the scalar field. We

form the Lagrange polynomials

p},- — H [:_1' — EJ’]

i%j EC; - EJ’]

So that pj(ci) = 8ij and for any polynomial g of degree less than or equal
to (k — 1) we have

g=9(Cy)p1 + ... + g(CK)Pk

Taking g to be the scalar polynomial 1 and then the polynomial x, we

have
1=pittp } 2
X=0P + O P

You will note that the application to x may not be valid because k may
be 1. But if k=1, T is a scalar multiple of the identity and hence
diagonalizable). Now let Ej = pj(T). From (2) we have

I'=E +--+E,
I'=c¢,E +++c,E,
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Observe that if i = j, then pi pj is divisible by the minimal polynomial p,
because pi pj contains every (X — cr) as a factor. Thus
EIEj=0,i#]...(4)

We must note one further thing, namely, that Ei = 0 for each i. This is
because p is the minimal polynomial for T and so we cannot have pi(T) =
0 since pj has degree less than the degree of p. This last comment,
together with (3), (4), and the fact that the c;are distinct enables us to

apply Theorem 2 to conclude that T is diagonalizable.

14.4 THE PRIMARY DECOMPOSITION
THEOREM

Theorem 14.41 (Primary Decomposition Theorem): Let T be a linear
operator on the finite dimensional vector space V over the field F. Let p
be the minimal polynomial for T,

P=pipi
where the pi are distinct irreducible monic polynomials over F and the r;

are positive integers. Let W; be the null space of p;(T)"¢, i =1,..., k. Then

HV=W1&..dWKk;

(if) each Wi is invariant under T;

(iii) if Ti is the operator induced on Wi by T, then the minimal
polynomial for Ti is p;*.

Proof: The idea of the proof is this. If the direct-sum decomposition (i) is
valid, how can we get

hold of the projections E1,..., Ek associated with the decomposition? The
projection Ei will be the identity on Wi and zero on the other Wj.

We shall find a polynomial hi such that hi(T) is the identity on Wi and is
zero on the other Wj, and so that h1(T) + ... + hk(T) =, etc.

For each i, let

. = p = 'r.:=_
fi=— lJ:IF
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Since p1,..., pk are distinct prime polynomials, the polynomials f1,..., fk

are relatively prime. Thus there are polynomials g1,..., gk such that

Zﬁ-&fj =1

i=1

Note also that if i # j, then fi fj is divisible by the polynomial p, because
fi fj contains each pm rm as a factor. We shall show that the polynomials
h; = f; gi behave in the manner described in the firstparagraph of the
proof.
Let Ei = hi(T) = fi(T)gi(T). Since h; + ... + hy = 1 and p divides fi fj for i
# |, we have

El+..+Ek=1

EiEj =0, ifi#]
Thus the Ei are projections which correspond to some direct sum
decomposition of the space V.
We wish to show that the range of Ei is exactly the subspace Wi. It is
clear that each vector in the range of Ei is in Wi, for if o is in the range

of Ei, then oo = Eia. and so

p(D)ia = p(T)Ea
= p(D)f(Dg (DN
=0

because p"f; gi is divisible by the minimal polynomial p. Conversely,
suppose that o is in the null space of pi(T)" If j = i, then f; g; is divisible
by piri and so fj(T)gj(T)a. = 0, i.e., Ejo. = 0 for j = i. But then it is
immediate that Ejo. = a,, i.e., that o is in the range of Ei. This completes
the proof of statement (i).

It is certainly clear that the subspaces Wi are invariant under T. If Ti is
the operator induced on Wi by T, then evidently pi(T)"i= 0, because by
definition pi(T)ri is 0 on the subspace Wi. This shows that the minimal
polynomial for Ti divides pi” . Conversely, let g be any polynomial such
that g(Ti) = 0. Then g(T)fi(T) = 0. Thus dfi is divisible by the minimal
polynomial p of T, i.e., pirifi divides g fi. It is easily seen that piri divides

g. Hence the minimal polynomial for Ti is pi” .
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Corollary 14.4.2: If E1,..., Ek are the projections associated with the
primary decomposition of T, then each Ei is a polynomial in T, and
accordingly if a linear operator U commutes with T then U commutes
with each of the Ei, i.e., each subspace Wi is invariant under U.

In the notation of the proof of Theorem 1, let us take a look at the special
case in which the minimal polynomial for T is a product of first degree
polynomials, i.e., the case in which each pi

is of the form pi = x — ci. Now the range of Ei is the null space Wi of (T
—cibri. Letus put D = ¢1E; + ... + ckEx . By Theorem 2 of unit 17, D is a
diagonalizable operator which we shall call the

diagonalizable part of T. Let us look at the operator N = T — D. Now

Now
T=TE +..+TE,

D= E'[EL + ... +1:|,{E,r

N= (T-cDE, + ..+ (T -c]E,

The reader should be familiar enough with projections by now so that he
sees that
N?= (T — C4I)?Ey + ... + (T — cil)’Ex

and in general that
N'= (T = cil)Es + ... + (T — cl)Ex

When r > r; for each i, we shall have Nr = 0, because the operator (T —
cil)r will then be 0 on the range of Ei.

Definition14.4.3: Let N be a linear operator on the vector space V. We
say that N is nilpotent if there is some positive integer r such that Nr = 0.
Theorem 14.4.4: Let T be a linear operator on the finite-dimensional
vector space V over the field F. Suppose that the minimal polynomial
forT decomposes over F into a product of linear polynomials. Then there
is a diagonalizable operator D on V and a nilpotent operator N on V such
that

() T=D+N,




Notes
(i) DN = ND

The diagonalizable operator D and the nilpotent operator N are uniquely
determined by (i) and
(ii) and each of them is a polynomial in T.
Proof: We have just observed that we can write T = D + N where D is
diagonalizable and N is nilpotent, and where D and N not only commute
but are polynomials in T. Now suppose that we also have T =D’ + N’
where D’ is diagonalizable, N’ is nilpotent, and D’N’ = N’D’. We shall
prove that D=D’ and N=N’.
Since D’ and N’ commute with one another and T = D’ + N’, we see that
D’ and N’ commute with T. Thus D’ and N’ commute with any
polynomial in T; hence they commute with D and with N.
Now we have

D+N=D"+N’
or

D-D’=N"-N
and all four of these operators commute with one another. Since D and
D’ are both diagonalizable and they commute, they are simultaneously
diagonalizable, and D — D’ is diagonalizable. Since N and N’ are both
nilpotent and they commute, the operator (N’ — N) is nilpotent; for, using
the fact that N and N’ commute

r (1) . .
(N'=N) = J(N')T(=NY
()

and so when r is sufficiently large every term in this expression for (N’ —
N)r will be 0. (Actually, a nilpotent operator on an n-dimensional space
must have its nth power 0O; if we take r = 2n above, that will be large
enough. It then follows that r = n is large enough, but this is not obvious
from the above expression.) Now D — D’ is a diagonalizable operator
which is also nilpotent. Such an operator is obviously the zero operator;
for since it is nilpotent, the minimal polynomial for this operator is of the
form xr for some r < m; but then since the operator is diagonalizable, the
minimal polynomial cannot have a repeated root; hence r = 1 and the
minimal polynomial is simply x, which says the operator is 0. Thus we
see that D=D’ and N=N".
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Corollary 14..5 : Let V be a finite-dimensional vector space over an
algebraically closed field F, e.g., the field of complex numbers. Then
every linear operator T on V can be written as the sum of a
diagonalizable operator D and a nilpotent operator N which commute.
These operators D and N’ are unique and each is a polynomial in T.
From these results, one sees that the study of linear operators on vector
spaces over an algebraically closed field is essentially reduced to the
study of nilpotent operators. For vector spaces over non-algebraically
closed fields, we still need to find some substitute for characteristic
values and vectors. It is a very interesting fact that these two problems
can be handled simultaneously and this is what we shall do in the next
units.

In concluding this section, we should like to give examples, which
illustrate some of the ideas of the primary decomposition theorem. We
have chosen to give it at the end of the section since it deals with
differential equations and thus is not purely linear algebra

Example: Prove that the matrix A

1 1 1
A=|-1 -1 -1
1 1 0

is nilpotent. Find its index of nilpotency.

Proof:

1 1 11 1 1 1 1 0
A*=|-1 -1 -1||-1 -1 -1|=|-1 -1 0
1 1 0ofl1 1 0 0 0

1 1 01 1 1 0 0 0
AP=|-1 -1 0||-1 -1 -1|=|0 0 0O
0O 0 O0)j1 1 O 0 0 0

So A® = 0. Hence A is nilpotent of the index of nilpotence 3. Notice that

A% % 0. (matrix) Also the characteristic polynomial of A is p(x) = x°.




Notes
Check your progress

3. Explain invariant Sum

4. What is nilpotent?

14.5 LET’S SUM UP

In this unit the importance is given to the ideas of invariant subspaces of
a vector space V

for a linear operator T. The vector space V is decomposed into a set of
linear invariant subspaces. The sum of the bases vectors of the invariant
subspaces defines the basis vectors of the vector space V.

The primary decomposition theorem is based on the fact that the minimal
polynomial of

the linear operator is the product of the irreducible. This helps in finding
the projection operates which are polynomials in T. The direct
decomposition of the vector space V in terms of the invariant subspaces
helps in inducing linear operators Ti on these subspaces Wi.

The induced operator Ti on Wi by T has the minimal polynomial as well

as due to the factorisation of the minimal polynomial of T.

14. 6 KEYWORDS

5. Skew-symmetric Matrices: Skew-symmetric matrices, i.e., matrices
A such that At = -A

6. Subspaces: These subspaces will be taken as independent subspaces
of the vector space V and after finding the independent basis of each
independent subspace the ordered basis of the whole space will be
constructed.

7. Projection Operator: The projection operator E has the property that
E2 = E so its characteristic

values can be equal to 0 and unit.
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8. Restriction: When the finite space V is decomposed into the direct
sum of the invariant subspaces
the linear operator induces a linear operator by the process known as
restriction.

9. The Lagrange Polynomials: Help us to find the projection operators
for any linear operator T in
terms of the matrix representing T and its characteristic values.

10. Invariant Sub-spaces: If a vector o in V is such that o and Ta are in
the subspace W of V then W
IS invariant subspace of V over the field F.

11. Nilpotent Transformation: A nilpotent transformation N on the vector
space V represented by
a matrix A is such that AK = 0 for some integer K and AK-1 = 0.
Here K is the index of nilpotency.

12. Projection Operators: The projection operator Ei acting on the vector
ol gives Eai = aui for the
subspace Wi and gives zero for other. AlsoEE ii2=and EIEj =0

fori=j

14.7 QUESTION FOR REVIEW

1. Let V be a finite dimensional vector space and W1 is any subspace of
V. Prove that there is a subspace W, of V such that V = W1 & W2.

2. Let V be a finite dimensional vector space and let W1,... WK be
subspaces of V such that V =W;+ W, + ... + Wy and dim V = dim W, +
... + Wk. Provethat V=W; ®W, ® ... ® W,.

3. Let T be the diagonalizable linear operator on R3 which is represented

by the matrix

a -6 —6
A=(-1 4 2 _ _
use the 3 _6 -4 Lagrange polynomials to write
the representing matrix A in the




form A=E1+2E2 E

1+E2=1,E1E2 = 0. Where | is a unit matrix and 0 is zero matrix.

4. Show that the linear operator T on R® represented by the matrix

is nilpotent.
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14.9 ANSWER TO CHECK YOUR
PROGRESS

1. Provide definition & example-- 14.1.1
2. Provide definition and explanation — 14.1.3
3. Provide statement of theorem & proof — 14.2.1

4. Provide definition-- 14.3.3.
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